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Abstract—Group testing refers to the process of testing pooled
samples to reduce the total number of tests. Given the cur-
rent pandemic, and the shortage of test supplies for COVID-
19, group testing can play a critical role in time and cost
efficient diagnostics. In many scenarios, samples collected from
users are also accompanied with auxiliary information (such as
demographics, history of exposure, onset of symptoms). Such
auxiliary information may differ across patients, and is typically
not considered while designing group testing algorithms. In this
paper, we abstract such heterogeneity using a model where
the population can be categorized into clusters with different
prevalence rates. The main result of this work is to show
that exploiting knowledge heterogeneity can further improve the
efficiency of group testing. Motivated by the practical constraints
and diagnostic considerations, we focus on two-stage group
testing algorithms, where in the first stage, the goal is to detect
as many negative samples by pooling, whereas the second stage
involves individual testing to detect any remaining samples. For
this class of algorithms, we prove that the gain in efficiency is
related to the concavity of the number of tests as a function of
the prevalence. We also show how one can choose the optimal
pooling parameters for one of the algorithms in this class, namely,
doubly constant pooling. We present lower bounds on the average
number of tests as a function of the population heterogeneity
profile, and also provide numerical results and comparisons.

I. INTRODUCTION

Group testing was first studied by Dorfman [1] who in-
troduced the idea of testing groups (or pools) of subsets of
the population as opposed to individual testing with aims
of reducing cost and time by reducing the amount of tests
required. The goal is to identify all positive samples (for some
disease or defection) out of a large population [1]–[10]. For an
ideal (noiseless) pooled test, the outcome is negative when all
samples in the pooled test are negative, and positive otherwise.
Therefore, carefully designed group testings are needed to
identify all positive samples with minimum number of tests.

Group testing has also been used for screening for diseases
such as HIV [11], [12], Zika Virus [13] and more [11], [14]–
[16]. Due to the recent COVID-19 outbreak, group testing has
gained a lot of interest. The predominant method for detecting
COVID-19 Coronavirus is real-time Reverse Transcription
Polymerase Chain Reaction (RT-PCR) based diagnostic test.
Interestingly, recent works have shown that using real time RT-
PCR for detecting COVID-19 on pools of around 32 samples
or fewer with at least one positive sample will reliably give a
positive outcome [17]–[23]. The idea of group testing has also
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been widely applied in other fields such as communications
[24], compressed sensing [25] and machine learning [26].

Group testing algorithms can be broadly categorized as
either non-adaptive [2], [3], [27], [28] or adaptive [29]–[32].
Non-adaptive group testing algorithms refer to algorithms
where all tests are designed beforehand. Non-adaptive al-
gorithms are efficient due to the parallelizability of tests,
however, they can lack flexibility since tests are designed
in advance, which causes excessive/insufficient tests in most
cases. On the other hand, adaptive group testing refers to
algorithms where the design of some later tests can depend
on the results of previous tests. Adaptive group testings are
not fully parallelizable as its non-adaptive counterpart. A good
compromise is to use a hybrid algorithm with multiple stages,
where the tests within each stage is non-adaptive, but adaptive
across stages [4], [5], [33].

Group testing can also be categorized based on the underly-
ing assumptions made about the population disease prevalence.
Algorithms can be designed for two different settings: (a)
combinatorial and (b) probabilistic. In combinatorial test de-
signs, one assumes that the number of positive samples is fixed
among the population and a bound on the number of positives
may be known. In probabilistic testing, one assumes that
each sample is positive with some fixed probability, referred
to as the prevalence rate p. In this work, we argue that in
practice both of these assumptions do not utilize the auxiliary
information that can be collected about the population of
samples.

In most cases, screenings and responses to questionnaires
are collected before the actual testing to learn additional
information from the patients, such as demographics, history
of exposure, onset of symptoms, medical and travel history
[34]–[36]. Such auxiliary information can be linked to a finer
understanding of the heterogeneity among the patients. One
can potentially use this information in two different ways:
(a) estimate the individual likelihood of the positivity of each
patient and subsequently divide the population into clusters,
with different local prevalence rates, according to some thresh-
olds on the likelihood. The local prevalence of each cluster
can then be found as the average likelihood of the patients
in the cluster; or (b) categorizing the population into groups
according to the potential risk, e.g., low risk (asymptomatic,
no known exposure), medium risk (asymptomatic, known
exposure), and high risk (symptomatic). The local prevalence
of each cluster can be estimated using one of the prevalence
estimation techniques in the literature [37]–[39]. Estimating
prevalence rate often requires accessing past data. It is worth
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noting that, while clusters can be formed more intelligently
with individual likelihood, past data on the individual-level
(Approach (a)) may not be available due to privacy concern
in practice, however, past data on the group-level (Approch
(b)) is often public, can be obtained easily and estimation of
individual prevalence is not required.

In this work, we study the benefits of leveraging the
heterogeneity knowledge of the patient groups/clusters in order
to reduce the total number of required tests. We refer to this
approach as heterogeneity aware group testing. Specifically,
we focus on Approach (b), where we do not rely on individual
prevalence. We formalize this by assuming that the population
is divided into C clusters. For each cluster c ∈ [1, . . . , C],
we make the assumption that the probability that a patient is
positive is equal to pc, and the samples are i.i.d. within each
cluster.
Main contributions: We consider heterogeneity-aware two-
stage group testing under a probabilistic model, where in the
first stage, the goal is to detect as many negative samples by
pooling, whereas the second stage involves individual testing
to detect any remaining samples. For the pooling strategy,
we adapt doubly constant method [5], among each population
cluster, where constant numbers of samples per pool and tests
per sample are assumed. Doubly constant provide practical
constraints on pooling parameters. In addition, as shown in
[4], doubly constant outperforms other existing two-stage
group testing algorithms. However, finding the optimal pooling
parameters is non-trivial. We provide an approach to obtain
the optimal pool size through a series of approximations
for a given prevalence rate and total number of tests per
sample. We present the empirically derived optimal pooling
parameters for doubly constant pooling. We show that, by
exploiting heterogeneity, the efficiency of group testing is
improved due to the concavity of the number of tests as
a function of the prevalence rate p. In particular, we show
numerically that the average total tests per sample is concave
for optimized pooling constants, i.e., pool size and tests per
sample. We also provide analytical results for the concavity
property for small values of p. We present a lower bound on
the number of tests as a function of the heterogeneity profile
(characterized by the prevalence rates of the clusters, namely
p1, p2, . . . , pC). Moreover, we conduct experiments through
simulations showing that heterogeneity aware performance
is superior to heterogeneity unaware, and the performance
enhances for higher levels of heterogeneity.

Related work: Heterogeneity aware group testing has been
studied previously in several works [40]–[44]. In [40], the
authors proposed an algorithm that first orders the samples in
a positive pool by its individual estimated prevalence rate, and
samples are re-tested individually until the first positive sample
is found. The remaining samples are pooled again for subse-
quent testing. The individual prevalence rates are estimated
using gender, age, race, symptoms, etc, either from past data
or initial test results. The authors of [41] proposed ordered
halving algorithm which creates two pools of equal size. By
ordering the samples based on the prevalence rates and using
the median as the threshold, the probability of one of the pools

being positive is maximized, while the probability of the other
pool being negative is minimized. In [42], the authors proposed
an algorithm that first design tests that focus on minimizing
the expected number of false negatives. Then, samples are
carefully placed into each test based on their individual risk
factors. The optimal placement is obtained through three-stage
optimization problem with budget constraints. In addition to
the test design, [42] also considered the effects of imperfect
tests and dilution. The authors of [43] formulate the problem
of finding the optimal pool size as a partitioning problem,
which can then be converted to a constrained shortest path
problem. The partitioning problem is formulated in a way
that it contains some beneficial structure properties, which
allow an originally NP-hard problem to be approximately
solved in an efficient manner. The above works assumed that
each sample is positive with an individual prevalence rate.
To incorporate heterogeneity knowledge, the population was
either split using threshold-based schemes into two clusters or
through computationally intractable optimization problems.

One of the works that is closely related to our work is
[44]. A threshold-based design is proposed in [44], with the
flexibility of optimizing the threshold. Samples are grouped
into low and high risks groups based on their estimated
prevalence rates. Samples in the low risk pools are further
divided and tested using Dorfman style testing, whereas sam-
ples in the high risk pools are tested individually. The authors
in [44] proposed to estimate the individual prevalence rates
using similar method of that in [40] with past data. While
our work is similar to [44], we point out that there are
subtle distinctions between the two. First, we consider doubly
constant pooling strategy in this paper, for which obtaining
the optimal pooling parameters is more complex. In addition,
we are interested in understanding how much reduction can
be obtained in a scenario where we use coarser knowledge
of prevalence rates. Furthermore, we derive lower bounds
that take heterogeneity into account. However, we note that
the algorithm of [44] can also be applied when only coarser
knowledge is available, in which case, the algorithm of [44]
is equivalent to the heterogeneity aware Dorfman’s algorithm
that will be discussed and compared later.

Recently, [45] considered community aware group testing
for a heterogeneous population model where the total popu-
lation is divided into F families. It is assumed in [45] that
each family is equally likely to have at least one infected
member. For infected families, members within the family
are infected with a different probability. The main idea is to
mix the samples within each family, and then perform group
testing on samples across families. We can view this model as
accounting for a micro (family) level heterogeneity.

In this paper, we model the heterogeneity differently by
grouping the population according to the risk of infection into
C clusters with different local prevalence rates. In contrast to
[45], we can view our approach as taking into account a macro-
level view of heterogeneity. We show that significant gains
are still achievable by using coarser knowledge, i.e., without
assuming sample-level individual prevalence rates. We also
present a lower bound (converse result) for the two-stage group
testing problem with prevalence heterogeneity.
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II. SYSTEM MODEL

In this work, we consider a population of N heterogeneous
samples, which can be categorized into C clusters. Let vn ∈
{0, 1} denote the true status of sample n for all n ∈ [1 : N ],
where vn = 0 when the true status of sample n is negative and
vn = 1 otherwise. In addition, we assume that each cluster
c consists of αcN i.i.d. samples, where αc is the fraction
of population in cluster c ∈ [1 : C]. A sample in cluster c
is positive with local prevalence rate pc. We can compactly
represent p = [p1 . . . pC ] and α = [α1 . . . αC ] as the preva-
lence rate and population fraction vectors, respectively. The
samples are categorized into clusters based on the auxiliary
information obtained through screenings and questionnaires.
For instance, we may consider the following scenario with
C = 3 categories: (a) low risk (asymptomatic, no known
exposure); (b) medium risk (asymptomatic, known exposure);
and (c) high risk (symptomatic), with local prevalence rates
pL, pM and pH , where pL < pM < pH . The average
prevalence for the entire population can be written as the
convex combination of pc’s with ratios αc’s, i.e.,

p = α · p =

C∑
c=1

αcpc. (1)

Given an average prevalence rate p, samples are pooled accord-
ing to some pooling strategy ψp, which can be adaptive or non-
adaptive. In this work, we focus on two-stage group testing
algorithms, where in the first stage, the goal is to detect as
many negative samples by pooling, whereas the second stage
involves individual testing to detect any remaining samples.
Let φ(ψ) denote the decoding algorithm for pooling strategy
ψ. The pooling strategy ψp is feasible if it allows decodability.
Let φ(ψ) = [v̂1, . . . , v̂N ] denote the estimates for the n
samples, then, we require

Pr(v̂n = vn) = 1, ∀n, (2)

for exact recovery of the unknown status of the samples.
In this work, we focus on optimizing the performance of the

testing algorithm, which is evaluated by finding the average
number of tests per sample needed (or expected normalized
number of tests normalized by the entire population N ),
defined as T (p, ψp, φ(ψp)), to identify all positive samples.
Tests are assumed to be perfect/noiseless, i.e., always return
correct results. The optimal expected normalized number of
tests can then be obtained by minimizing T (p, ψp, φ(ψp))
over all feasible pooling and decoding methods, i.e., find the
optimal pooling method ψopt

p and optimal decoding method
φopt(ψopt

p ),

T opt(p) = min
Ψp,Φ(Ψp)

T (p, ψp, φ(ψp)) = T (p, ψopt
p , φopt(ψopt

p )),

(3)

where Ψp is a set of all feasible two-stage pooling strategies
for p, and Φ(Ψp) is a set of all algorithms that, when applied
to Φp, allow decodability of the unknown status of samples,
defined in (2).

A naive choice of ψp is to apply group testing on the
entire population and ignore the heterogeneity knowledge,

i.e., ignore the clustering. This approach is referred to as the
heterogeneity unaware approach. Another possible choice of
ψp is to perform individual group testing on each cluster c,
referred to as the heterogeneity aware approach. Due to the
independence of pooling design of each cluster, we can use
the optimal pooling strategy and decoding algorithm for each
cluster c, denoted as ψopt

pc and φopt(ψopt
pc ), according to the local

prevalence pc. The total number of tests for this approach
is the sum of numbers of tests required for all clusters. Let
ψp = [ψp1 . . . ψpC ] and φ(ψp) = [φ(ψp1) . . . φ(ψpC )].
This gives the expected normalized number of tests, denoted
as THet.(p, α, ψp, φ(ψp)), as follows,

THet.(p, α, ψp, φ(ψp)) = min
Ψpc ,Φpc
c∈[1:C]

∑
c∈[1:C]

αcT (pc, ψpc , φ(ψpc))

=
∑

c∈[1:C]

αcT (pc, ψ
opt
pc , φ

opt(ψopt
pc ))

=
∑

c∈[1:C]

αcT
opt(pc). (4)

By comparing (3) and (4), we observe that the concavity
of T opt(p) as a function of the prevalence p is a sufficient
condition for the heterogeneity aware approach to acquire
lower expected normalized number of tests, i.e.,∑

c∈[1:C]

αcT
opt(pc) ≤ T opt(

∑
c∈[1:C]

αcpc) = T opt(p). (5)

In other words, if T opt(·) is concave, we can expect to
have reduction on the expected normalized number of tests,
which depends on the heterogeneity profile, i.e., pc’s. We
note that proving concavity analytically could be non-trivial,
thus, we show concavity of expected normalized number of
tests of Doubly constant algorithm numerically and through
approximation in Section IV-B.

In this paper, we focus on two-stage group testing, which
is known practically [4], [5], [33] to achieve a good trade-off
between parallelizability and low number of tests. Next, we
give an overview on several two-stage group testing algorithms
commonly considered in the literature.

III. OVERVIEW OF TWO-STAGE GROUP TESTING

Two-stage (T.S.) group testing with an aim of exact recovery
of the positive samples can be described as follows:
• Stage 1 (Pooled Testing): Samples are grouped into T1 pools
using some pooling strategy with parameters ψT.S.

p . The aim of
this stage is to identify as many negative samples as possible
from the pooled tests. If a pool is negative, all samples in the
pool are declared as definite negatives (DNs). Equivalently,
a sample is declared as negative if it appears in at least one
negative pool. The number of pooled tests in Stage 1 is T1.
• Stage 2 (Conservative Individual Testing): All samples
that are not declared as DNs in the first stage are tested
individually. The number of individual tests conducted in Stage
2 is denoted by T2.

From here onwards, we omit the argument for the decoding
algorithm from T (p, ψp, φ(ψp)) since we use the same de-
coding algorithm for the pooling algorithms being discussed
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Fig. 1: Comparison of different Two-stage pooling test-
ing algorithms. The optimal pooling parameters used in the
generation of this figure are s∗ ≈ 1/

√
p for Dorfman’s

and π = min{1, 1/Np} for Bernoulli. The parameters for
constant tests per sample and doubly constant are numerically
optimized to minimize the respective expected normalized
numbers of tests. Doubly constant algorithm achieves the best
performance, and is close to the lower bound in Lemma 1.

in this paper. We define T (p, ψT.S.
p ) = (T1 + T2)/N as the

expected normalized number of tests using two-stage group
testing. Clearly, T2 critically depends on the effectiveness
of the first stage at identifying negative samples. Therefore,
we need to carefully design the pooling strategy ψT.S.

p so
that the total number of tests is minimized. We define the
minimum expected normalized number of tests achieved by
using optimal two-stage group testing ψT.S. opt

p as

T T.S. opt(p) = min
all possible ψT.S.

p

T (p, ψT.S.
p ) = T (p, ψT.S. opt

p ). (6)

Different pooling algorithms have been considered in [4]
for pooling samples in the first stage, namely, Dorfman’s [1],
Bernoulli sampling, constant tests per sample, and doubly
constant [5]. We note that while two-stage decoding algorithm
may also be referred as Dorfman’s algorithm in the literature,
we reserve the term Dorfman’s algorithm for the pooling
strategy in [1] throughout the paper. We next summarize the
results of [4].

• Dorfman’s Algorithm: All N samples are partitioned into
N/s disjoint pools, each of size s. Each pool is then tested
individually. As a function of the prevalence rate p and the
pool size s, the expected normalized number of tests can be
expressed as

T (p, ψDorfman
p = s) =

1

s
+ 1− (1− p)s, (7)

where optimal s∗ can be approximated as s∗ ≈ 1/
√
p.

• Bernoulli Sampling Algorithm: In Stage 1, each sample
participates in each of the T1 tests with probability π =
min{1, 1/(Np)}. The expected normalized number of tests

can be expressed as

T (p, ψBernoulli
p = π) =

{
p+ ep ln

(
1−p
p

)
, π = 1/(Np)

1
N + 1− (1− p)N , π = 1.

(8)

For the case when π = 1, there is no need for multiple tests
in Stage 1, i.e., T1 = 1. The algorithm is then equivalent to
Dorfman’s algorithm with s = N .

• Constant Tests per Sample (CTS): In this scheme, each
sample is only allowed to be in at most a constant r number of
tests. Since the second stage is individual testing, that leaves
us with r − 1 tests per sample in the first stage. Stage 1 is
divided into r − 1 rounds, with T1/(r − 1) pooled tests in
each round. In every round, each sample participates in one
of the T1/(r − 1) pools selected uniformly at random. This
gives the average pool size as s̄ = N(r−1)/T1. The expected
normalized number of tests is given as

T (p, ψCTS
p = (r, s̄)) =

r − 1

s̄
+ p+ (1− p)(1− e−ps̄)r−1,

(9)

where the optimal values of r and s̄ can be solved numerically
to minimize T (p, ψCTS

p = (r, s̄)).

• Doubly Constant Algorithm: In addition to restricting each
sample to participate in at most r tests, the pool size is limited
to exactly s samples per pool. Similar to constant tests per
sample algorithm, this can be done by dividing Stage 1 into
r−1 rounds. However, in every round, the samples are equally
partitioned into T1/(r − 1) pools. The expected normalized
number of tests is given as [5],

T (p, ψDoubly
p = (r, s))

=
r − 1

s
+ p+ (1− p)(1− (1− p)s−1)r−1, (10)

where the optimal value of r and s can be solved numerically
to minimize T (p, ψDoubly

p = (r, s)). Intuitively, the first stage of
Doubly constant is equivalent to performing the first stage of
Dorfman’s r− 1 times with random permutations of samples.
Thus, T1 requires (r − 1)/s tests after normalization. In the
second stage, individual tests are performed on all positive
samples and negative samples that are not in any negative
pools.

In addition to studying and comparing two-stage pooling
strategies, a lower bound is derived in [4], stated in the
following lemma.

Lemma 1 (Lower Bound for Two-stage Group Testing
[4]). For conservative two-stage group testing, the expected
normalized number of tests is lower bounded as,

1. T T.S. opt.(p) ≥ 1 for p ≥ 0.382;

2. T T.S. opt.(p) ≥ 1

g(p)
(ln g(p) + 1) for p < 0.171;

3. T T.S. opt.(p) ≥ p+
1

f(p)
(ln((1− p)f(p)) + 1), otherwise,
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↵H = 0.07
<latexit sha1_base64="GA3lN6phdFOSPyCi8oijZU+ksAo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQvUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvbuoNW+KNMpwDCdwBi40oAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8Ab2RkWA=</latexit><latexit sha1_base64="GA3lN6phdFOSPyCi8oijZU+ksAo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQvUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvbuoNW+KNMpwDCdwBi40oAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8Ab2RkWA=</latexit><latexit sha1_base64="GA3lN6phdFOSPyCi8oijZU+ksAo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQvUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvbuoNW+KNMpwDCdwBi40oAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8Ab2RkWA=</latexit><latexit sha1_base64="GA3lN6phdFOSPyCi8oijZU+ksAo=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiQvUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvbuoNW+KNMpwDCdwBi40oAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8Ab2RkWA=</latexit>

↵L = 0.6
<latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit><latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit><latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit><latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit>

↵M = 0.34
<latexit sha1_base64="cv2ZhpmbG4YEjQ8/rRrAPw+YPPM=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkqiBfUgFL14ESoYW2hD2Gw37dLNJuxuhBr6S7x4UPHqX/Hmv3Hb5qDVBwOP92aYmRemnCntOF9WaWl5ZXWtvF7Z2Nzarto7u/cqySShHkl4IjshVpQzQT3NNKedVFIch5y2w9HV1G8/UKlYIu70OKV+jAeCRYxgbaTArvYwT4c4uEEXyKmfNAK75tSdGdBf4hakBgVagf3Z6ycki6nQhGOluq6Taj/HUjPC6aTSyxRNMRnhAe0aKnBMlZ/PDp+gQ6P0UZRIU0KjmfpzIsexUuM4NJ0x1kO16E3F/7xupqMzP2cizTQVZL4oyjjSCZqmgPpMUqL52BBMJDO3IjLEEhNtsqqYENzFl/8S77h+XndvG7XmZZFGGfbhAI7AhVNowjW0wAMCGTzBC7xaj9az9Wa9z1tLVjGzB79gfXwDxUaRZQ==</latexit><latexit sha1_base64="cv2ZhpmbG4YEjQ8/rRrAPw+YPPM=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkqiBfUgFL14ESoYW2hD2Gw37dLNJuxuhBr6S7x4UPHqX/Hmv3Hb5qDVBwOP92aYmRemnCntOF9WaWl5ZXWtvF7Z2Nzarto7u/cqySShHkl4IjshVpQzQT3NNKedVFIch5y2w9HV1G8/UKlYIu70OKV+jAeCRYxgbaTArvYwT4c4uEEXyKmfNAK75tSdGdBf4hakBgVagf3Z6ycki6nQhGOluq6Taj/HUjPC6aTSyxRNMRnhAe0aKnBMlZ/PDp+gQ6P0UZRIU0KjmfpzIsexUuM4NJ0x1kO16E3F/7xupqMzP2cizTQVZL4oyjjSCZqmgPpMUqL52BBMJDO3IjLEEhNtsqqYENzFl/8S77h+XndvG7XmZZFGGfbhAI7AhVNowjW0wAMCGTzBC7xaj9az9Wa9z1tLVjGzB79gfXwDxUaRZQ==</latexit><latexit sha1_base64="cv2ZhpmbG4YEjQ8/rRrAPw+YPPM=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkqiBfUgFL14ESoYW2hD2Gw37dLNJuxuhBr6S7x4UPHqX/Hmv3Hb5qDVBwOP92aYmRemnCntOF9WaWl5ZXWtvF7Z2Nzarto7u/cqySShHkl4IjshVpQzQT3NNKedVFIch5y2w9HV1G8/UKlYIu70OKV+jAeCRYxgbaTArvYwT4c4uEEXyKmfNAK75tSdGdBf4hakBgVagf3Z6ycki6nQhGOluq6Taj/HUjPC6aTSyxRNMRnhAe0aKnBMlZ/PDp+gQ6P0UZRIU0KjmfpzIsexUuM4NJ0x1kO16E3F/7xupqMzP2cizTQVZL4oyjjSCZqmgPpMUqL52BBMJDO3IjLEEhNtsqqYENzFl/8S77h+XndvG7XmZZFGGfbhAI7AhVNowjW0wAMCGTzBC7xaj9az9Wa9z1tLVjGzB79gfXwDxUaRZQ==</latexit><latexit sha1_base64="cv2ZhpmbG4YEjQ8/rRrAPw+YPPM=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkqiBfUgFL14ESoYW2hD2Gw37dLNJuxuhBr6S7x4UPHqX/Hmv3Hb5qDVBwOP92aYmRemnCntOF9WaWl5ZXWtvF7Z2Nzarto7u/cqySShHkl4IjshVpQzQT3NNKedVFIch5y2w9HV1G8/UKlYIu70OKV+jAeCRYxgbaTArvYwT4c4uEEXyKmfNAK75tSdGdBf4hakBgVagf3Z6ycki6nQhGOluq6Taj/HUjPC6aTSyxRNMRnhAe0aKnBMlZ/PDp+gQ6P0UZRIU0KjmfpzIsexUuM4NJ0x1kO16E3F/7xupqMzP2cizTQVZL4oyjjSCZqmgPpMUqL52BBMJDO3IjLEEhNtsqqYENzFl/8S77h+XndvG7XmZZFGGfbhAI7AhVNowjW0wAMCGTzBC7xaj9az9Wa9z1tLVjGzB79gfXwDxUaRZQ==</latexit>

↵H = 0.06
<latexit sha1_base64="P5UKAp8w0OpNTo//aTzWQmffh/0=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEVyUR8bEQim66rGBsoQ1hMp20QyeTMDMRauiXuHGh4tZfceffOG2z0NYDl3s4517mzglTzpR2nG+rtLK6tr5R3qxsbe/sVu29/QeVZJJQjyQ8kZ0QK8qZoJ5mmtNOKimOQ07b4eh26rcfqVQsEfd6nFI/xgPBIkawNlJgV3uYp0McNNE1curOeWDXTJsBLRO3IDUo0Arsr14/IVlMhSYcK9V1nVT7OZaaEU4nlV6maIrJCA9o11CBY6r8fHb4BB0bpY+iRJoSGs3U3xs5jpUax6GZjLEeqkVvKv7ndTMdXfo5E2mmqSDzh6KMI52gaQqozyQlmo8NwUQycysiQywx0SarignBXfzyMvFO61d19+6s1rgp0ijDIRzBCbhwAQ1oQgs8IJDBM7zCm/VkvVjv1sd8tGQVOwfwB9bnD7wOkV8=</latexit><latexit sha1_base64="P5UKAp8w0OpNTo//aTzWQmffh/0=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEVyUR8bEQim66rGBsoQ1hMp20QyeTMDMRauiXuHGh4tZfceffOG2z0NYDl3s4517mzglTzpR2nG+rtLK6tr5R3qxsbe/sVu29/QeVZJJQjyQ8kZ0QK8qZoJ5mmtNOKimOQ07b4eh26rcfqVQsEfd6nFI/xgPBIkawNlJgV3uYp0McNNE1curOeWDXTJsBLRO3IDUo0Arsr14/IVlMhSYcK9V1nVT7OZaaEU4nlV6maIrJCA9o11CBY6r8fHb4BB0bpY+iRJoSGs3U3xs5jpUax6GZjLEeqkVvKv7ndTMdXfo5E2mmqSDzh6KMI52gaQqozyQlmo8NwUQycysiQywx0SarignBXfzyMvFO61d19+6s1rgp0ijDIRzBCbhwAQ1oQgs8IJDBM7zCm/VkvVjv1sd8tGQVOwfwB9bnD7wOkV8=</latexit><latexit sha1_base64="P5UKAp8w0OpNTo//aTzWQmffh/0=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEVyUR8bEQim66rGBsoQ1hMp20QyeTMDMRauiXuHGh4tZfceffOG2z0NYDl3s4517mzglTzpR2nG+rtLK6tr5R3qxsbe/sVu29/QeVZJJQjyQ8kZ0QK8qZoJ5mmtNOKimOQ07b4eh26rcfqVQsEfd6nFI/xgPBIkawNlJgV3uYp0McNNE1curOeWDXTJsBLRO3IDUo0Arsr14/IVlMhSYcK9V1nVT7OZaaEU4nlV6maIrJCA9o11CBY6r8fHb4BB0bpY+iRJoSGs3U3xs5jpUax6GZjLEeqkVvKv7ndTMdXfo5E2mmqSDzh6KMI52gaQqozyQlmo8NwUQycysiQywx0SarignBXfzyMvFO61d19+6s1rgp0ijDIRzBCbhwAQ1oQgs8IJDBM7zCm/VkvVjv1sd8tGQVOwfwB9bnD7wOkV8=</latexit><latexit sha1_base64="P5UKAp8w0OpNTo//aTzWQmffh/0=">AAAB93icbVDLSsNAFL2pr1ofjbp0M1gEVyUR8bEQim66rGBsoQ1hMp20QyeTMDMRauiXuHGh4tZfceffOG2z0NYDl3s4517mzglTzpR2nG+rtLK6tr5R3qxsbe/sVu29/QeVZJJQjyQ8kZ0QK8qZoJ5mmtNOKimOQ07b4eh26rcfqVQsEfd6nFI/xgPBIkawNlJgV3uYp0McNNE1curOeWDXTJsBLRO3IDUo0Arsr14/IVlMhSYcK9V1nVT7OZaaEU4nlV6maIrJCA9o11CBY6r8fHb4BB0bpY+iRJoSGs3U3xs5jpUax6GZjLEeqkVvKv7ndTMdXfo5E2mmqSDzh6KMI52gaQqozyQlmo8NwUQycysiQywx0SarignBXfzyMvFO61d19+6s1rgp0ijDIRzBCbhwAQ1oQgs8IJDBM7zCm/VkvVjv1sd8tGQVOwfwB9bnD7wOkV8=</latexit>

↵M = 0.45
<latexit sha1_base64="V6pjHeGVxNYz1k4fXOdPgJC91fI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoiinoQil68CBWMLbQhTLabdulmE3Y3Qg39JV48qHj1r3jz37htc9DWBwOP92aYmRemnCntON9WaWl5ZXWtvF7Z2Nzarto7uw8qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg98VuPVCqWiHs9SqkfQ1+wiBHQRgrsahd4OoDgFl9ip35yGtg1p+5MgReJW5AaKtAM7K9uLyFZTIUmHJTquE6q/RykZoTTcaWbKZoCGUKfdgwVEFPl59PDx/jQKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6OvdzJtJMU0Fmi6KMY53gSQq4xyQlmo8MASKZuRWTAUgg2mRVMSG48y8vEu+4flF3705qjasijTLaRwfoCLnoDDXQDWoiDxGUoWf0it6sJ+vFerc+Zq0lq5jZQ39gff4AyE2RZw==</latexit><latexit sha1_base64="V6pjHeGVxNYz1k4fXOdPgJC91fI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoiinoQil68CBWMLbQhTLabdulmE3Y3Qg39JV48qHj1r3jz37htc9DWBwOP92aYmRemnCntON9WaWl5ZXWtvF7Z2Nzarto7uw8qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg98VuPVCqWiHs9SqkfQ1+wiBHQRgrsahd4OoDgFl9ip35yGtg1p+5MgReJW5AaKtAM7K9uLyFZTIUmHJTquE6q/RykZoTTcaWbKZoCGUKfdgwVEFPl59PDx/jQKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6OvdzJtJMU0Fmi6KMY53gSQq4xyQlmo8MASKZuRWTAUgg2mRVMSG48y8vEu+4flF3705qjasijTLaRwfoCLnoDDXQDWoiDxGUoWf0it6sJ+vFerc+Zq0lq5jZQ39gff4AyE2RZw==</latexit><latexit sha1_base64="V6pjHeGVxNYz1k4fXOdPgJC91fI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoiinoQil68CBWMLbQhTLabdulmE3Y3Qg39JV48qHj1r3jz37htc9DWBwOP92aYmRemnCntON9WaWl5ZXWtvF7Z2Nzarto7uw8qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg98VuPVCqWiHs9SqkfQ1+wiBHQRgrsahd4OoDgFl9ip35yGtg1p+5MgReJW5AaKtAM7K9uLyFZTIUmHJTquE6q/RykZoTTcaWbKZoCGUKfdgwVEFPl59PDx/jQKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6OvdzJtJMU0Fmi6KMY53gSQq4xyQlmo8MASKZuRWTAUgg2mRVMSG48y8vEu+4flF3705qjasijTLaRwfoCLnoDDXQDWoiDxGUoWf0it6sJ+vFerc+Zq0lq5jZQ39gff4AyE2RZw==</latexit><latexit sha1_base64="V6pjHeGVxNYz1k4fXOdPgJC91fI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoiinoQil68CBWMLbQhTLabdulmE3Y3Qg39JV48qHj1r3jz37htc9DWBwOP92aYmRemnCntON9WaWl5ZXWtvF7Z2Nzarto7uw8qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg98VuPVCqWiHs9SqkfQ1+wiBHQRgrsahd4OoDgFl9ip35yGtg1p+5MgReJW5AaKtAM7K9uLyFZTIUmHJTquE6q/RykZoTTcaWbKZoCGUKfdgwVEFPl59PDx/jQKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6OvdzJtJMU0Fmi6KMY53gSQq4xyQlmo8MASKZuRWTAUgg2mRVMSG48y8vEu+4flF3705qjasijTLaRwfoCLnoDDXQDWoiDxGUoWf0it6sJ+vFerc+Zq0lq5jZQ39gff4AyE2RZw==</latexit>

↵L = 0.5
<latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit><latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit><latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit><latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit>

↵H = 0.05
<latexit sha1_base64="TaRQhSvxhmZJG4nwHPGbZ6BcTsA=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiinoQil56rGBsoQ1hs920SzebsLsRaugv8eJBxat/xZv/xm2bg7Y+GObx3gw7+8KUM6Ud59sqrayurW+UNytb2zu7VXtv/0ElmSTUIwlPZCfEinImqKeZ5rSTSorjkNN2OLqd+u1HKhVLxL0ep9SP8UCwiBGsjRTY1R7m6RAHTXSNnLpzHtg102ZAy8QtSA0KtAL7q9dPSBZToQnHSnVdJ9V+jqVmhNNJpZcpmmIywgPaNVTgmCo/nx0+QcdG6aMokaaERjP190aOY6XGcWgmY6yHatGbiv953UxHl37ORJppKsj8oSjjSCdomgLqM0mJ5mNDMJHM3IrIEEtMtMmqYkJwF7+8TLzT+lXdvTurNW6KNMpwCEdwAi5cQAOa0AIPCGTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A7qLkV4=</latexit><latexit sha1_base64="TaRQhSvxhmZJG4nwHPGbZ6BcTsA=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiinoQil56rGBsoQ1hs920SzebsLsRaugv8eJBxat/xZv/xm2bg7Y+GObx3gw7+8KUM6Ud59sqrayurW+UNytb2zu7VXtv/0ElmSTUIwlPZCfEinImqKeZ5rSTSorjkNN2OLqd+u1HKhVLxL0ep9SP8UCwiBGsjRTY1R7m6RAHTXSNnLpzHtg102ZAy8QtSA0KtAL7q9dPSBZToQnHSnVdJ9V+jqVmhNNJpZcpmmIywgPaNVTgmCo/nx0+QcdG6aMokaaERjP190aOY6XGcWgmY6yHatGbiv953UxHl37ORJppKsj8oSjjSCdomgLqM0mJ5mNDMJHM3IrIEEtMtMmqYkJwF7+8TLzT+lXdvTurNW6KNMpwCEdwAi5cQAOa0AIPCGTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A7qLkV4=</latexit><latexit sha1_base64="TaRQhSvxhmZJG4nwHPGbZ6BcTsA=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiinoQil56rGBsoQ1hs920SzebsLsRaugv8eJBxat/xZv/xm2bg7Y+GObx3gw7+8KUM6Ud59sqrayurW+UNytb2zu7VXtv/0ElmSTUIwlPZCfEinImqKeZ5rSTSorjkNN2OLqd+u1HKhVLxL0ep9SP8UCwiBGsjRTY1R7m6RAHTXSNnLpzHtg102ZAy8QtSA0KtAL7q9dPSBZToQnHSnVdJ9V+jqVmhNNJpZcpmmIywgPaNVTgmCo/nx0+QcdG6aMokaaERjP190aOY6XGcWgmY6yHatGbiv953UxHl37ORJppKsj8oSjjSCdomgLqM0mJ5mNDMJHM3IrIEEtMtMmqYkJwF7+8TLzT+lXdvTurNW6KNMpwCEdwAi5cQAOa0AIPCGTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A7qLkV4=</latexit><latexit sha1_base64="TaRQhSvxhmZJG4nwHPGbZ6BcTsA=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiinoQil56rGBsoQ1hs920SzebsLsRaugv8eJBxat/xZv/xm2bg7Y+GObx3gw7+8KUM6Ud59sqrayurW+UNytb2zu7VXtv/0ElmSTUIwlPZCfEinImqKeZ5rSTSorjkNN2OLqd+u1HKhVLxL0ep9SP8UCwiBGsjRTY1R7m6RAHTXSNnLpzHtg102ZAy8QtSA0KtAL7q9dPSBZToQnHSnVdJ9V+jqVmhNNJpZcpmmIywgPaNVTgmCo/nx0+QcdG6aMokaaERjP190aOY6XGcWgmY6yHatGbiv953UxHl37ORJppKsj8oSjjSCdomgLqM0mJ5mNDMJHM3IrIEEtMtMmqYkJwF7+8TLzT+lXdvTurNW6KNMpwCEdwAi5cQAOa0AIPCGTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A7qLkV4=</latexit>

p = 5%
<latexit sha1_base64="D+A3kz8IFh9QZjg/gCuDBsNvi8Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkteo3PUrfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7uo43</latexit><latexit sha1_base64="D+A3kz8IFh9QZjg/gCuDBsNvi8Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkteo3PUrfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7uo43</latexit><latexit sha1_base64="D+A3kz8IFh9QZjg/gCuDBsNvi8Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkteo3PUrfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7uo43</latexit><latexit sha1_base64="D+A3kz8IFh9QZjg/gCuDBsNvi8Q=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkteo3PUrfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7uo43</latexit>

pL = 0.5%
<latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit><latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit><latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit><latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit>

pM = 5%
<latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit><latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit><latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit><latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit>

pH = 50%
<latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit><latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit><latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit><latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit>

(low-risk) (Med.-risk) (High-risk)

↵L = 0.4
<latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit><latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit><latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit><latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit>

↵M = 0.56
<latexit sha1_base64="Z8ru/HX9cU7oU1EeehblottVPUc=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkIifh6EohcvQgVjC20Im+22XbrZhN2NUEN/iRcPKl79K978N27bHLT6YODx3gwz86KUM6Vd98sqLSwuLa+UVytr6xubVXtr+14lmSTUJwlPZCvCinImqK+Z5rSVSorjiNNmNLya+M0HKhVLxJ0epTSIcV+wHiNYGym0qx3M0wEOb9AFcp3jk9CuuY47BfpLvILUoEAjtD873YRkMRWacKxU23NTHeRYakY4HVc6maIpJkPcp21DBY6pCvLp4WO0b5Qu6iXSlNBoqv6cyHGs1CiOTGeM9UDNexPxP6+d6d5ZkDORZpoKMlvUyzjSCZqkgLpMUqL5yBBMJDO3IjLAEhNtsqqYELz5l/8S/9A5d7zbo1r9skijDLuwBwfgwSnU4Roa4AOBDJ7gBV6tR+vZerPeZ60lq5jZgV+wPr4By1SRaQ==</latexit><latexit sha1_base64="Z8ru/HX9cU7oU1EeehblottVPUc=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkIifh6EohcvQgVjC20Im+22XbrZhN2NUEN/iRcPKl79K978N27bHLT6YODx3gwz86KUM6Vd98sqLSwuLa+UVytr6xubVXtr+14lmSTUJwlPZCvCinImqK+Z5rSVSorjiNNmNLya+M0HKhVLxJ0epTSIcV+wHiNYGym0qx3M0wEOb9AFcp3jk9CuuY47BfpLvILUoEAjtD873YRkMRWacKxU23NTHeRYakY4HVc6maIpJkPcp21DBY6pCvLp4WO0b5Qu6iXSlNBoqv6cyHGs1CiOTGeM9UDNexPxP6+d6d5ZkDORZpoKMlvUyzjSCZqkgLpMUqL5yBBMJDO3IjLAEhNtsqqYELz5l/8S/9A5d7zbo1r9skijDLuwBwfgwSnU4Roa4AOBDJ7gBV6tR+vZerPeZ60lq5jZgV+wPr4By1SRaQ==</latexit><latexit sha1_base64="Z8ru/HX9cU7oU1EeehblottVPUc=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkIifh6EohcvQgVjC20Im+22XbrZhN2NUEN/iRcPKl79K978N27bHLT6YODx3gwz86KUM6Vd98sqLSwuLa+UVytr6xubVXtr+14lmSTUJwlPZCvCinImqK+Z5rSVSorjiNNmNLya+M0HKhVLxJ0epTSIcV+wHiNYGym0qx3M0wEOb9AFcp3jk9CuuY47BfpLvILUoEAjtD873YRkMRWacKxU23NTHeRYakY4HVc6maIpJkPcp21DBY6pCvLp4WO0b5Qu6iXSlNBoqv6cyHGs1CiOTGeM9UDNexPxP6+d6d5ZkDORZpoKMlvUyzjSCZqkgLpMUqL5yBBMJDO3IjLAEhNtsqqYELz5l/8S/9A5d7zbo1r9skijDLuwBwfgwSnU4Roa4AOBDJ7gBV6tR+vZerPeZ60lq5jZgV+wPr4By1SRaQ==</latexit><latexit sha1_base64="Z8ru/HX9cU7oU1EeehblottVPUc=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkIifh6EohcvQgVjC20Im+22XbrZhN2NUEN/iRcPKl79K978N27bHLT6YODx3gwz86KUM6Vd98sqLSwuLa+UVytr6xubVXtr+14lmSTUJwlPZCvCinImqK+Z5rSVSorjiNNmNLya+M0HKhVLxJ0epTSIcV+wHiNYGym0qx3M0wEOb9AFcp3jk9CuuY47BfpLvILUoEAjtD873YRkMRWacKxU23NTHeRYakY4HVc6maIpJkPcp21DBY6pCvLp4WO0b5Qu6iXSlNBoqv6cyHGs1CiOTGeM9UDNexPxP6+d6d5ZkDORZpoKMlvUyzjSCZqkgLpMUqL5yBBMJDO3IjLAEhNtsqqYELz5l/8S/9A5d7zbo1r9skijDLuwBwfgwSnU4Roa4AOBDJ7gBV6tR+vZerPeZ60lq5jZgV+wPr4By1SRaQ==</latexit>

↵H = 0.04
<latexit sha1_base64="NqcXctp3bA7sx9YfcTUzqWP5FPQ=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiBfUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvWvUmjdFGmU4hhM4AxcuoAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8AbkIkV0=</latexit><latexit sha1_base64="NqcXctp3bA7sx9YfcTUzqWP5FPQ=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiBfUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvWvUmjdFGmU4hhM4AxcuoAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8AbkIkV0=</latexit><latexit sha1_base64="NqcXctp3bA7sx9YfcTUzqWP5FPQ=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiBfUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvWvUmjdFGmU4hhM4AxcuoAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8AbkIkV0=</latexit><latexit sha1_base64="NqcXctp3bA7sx9YfcTUzqWP5FPQ=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEInkoiBfUgFL30WMHYQhvCZrtpl242YXcj1NBf4sWDilf/ijf/jds2B219MMzjvRl29oUpZ0o7zrdVWlvf2Nwqb1d2dvf2q/bB4YNKMkmoRxKeyG6IFeVMUE8zzWk3lRTHIaedcHw78zuPVCqWiHs9Sakf46FgESNYGymwq33M0xEOWugaOXWnEdg10+ZAq8QtSA0KtAP7qz9ISBZToQnHSvVcJ9V+jqVmhNNppZ8pmmIyxkPaM1TgmCo/nx8+RadGGaAokaaERnP190aOY6UmcWgmY6xHatmbif95vUxHl37ORJppKsjioSjjSCdolgIaMEmJ5hNDMJHM3IrICEtMtMmqYkJwl7+8Srzz+lXdvWvUmjdFGmU4hhM4AxcuoAktaIMHBDJ4hld4s56sF+vd+liMlqxi5wj+wPr8AbkIkV0=</latexit>
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<latexit sha1_base64="RQNuEnbo9QR5IzVFFh1SLSANJ7A=">AAACBnicbVBNS8NAEN3Ur1q/oh4FWSyCp5L0ot6KIniSCo0ttKFsNpN26SYbdjdiKb158a948aDi1d/gzX/jts1BWx8MPN6bYWZekHKmtON8W4Wl5ZXVteJ6aWNza3vH3t27UyKTFDwquJCtgCjgLAFPM82hlUogccChGQwuJ37zHqRiImnoYQp+THoJixgl2khd+/DqIQWqIcQNoQnHN1kcgMQiwg1QWnXtslNxpsCLxM1JGeWod+2vTihoFkOiKSdKtV0n1f6ISM0oh3GpkylICR2QHrQNTUgMyh9N/xjjY6OEOBLSVKLxVP09MSKxUsM4MJ0x0X01703E/7x2pqMzf8SSNNOQ0NmiKONYCzwJBYdMmhD40BBCJTO3YtonkphgpCqZENz5lxeJV62cV9zbarl2kadRRAfoCJ0gF52iGrpGdeQhih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwCV8Ziw</latexit><latexit sha1_base64="RQNuEnbo9QR5IzVFFh1SLSANJ7A=">AAACBnicbVBNS8NAEN3Ur1q/oh4FWSyCp5L0ot6KIniSCo0ttKFsNpN26SYbdjdiKb158a948aDi1d/gzX/jts1BWx8MPN6bYWZekHKmtON8W4Wl5ZXVteJ6aWNza3vH3t27UyKTFDwquJCtgCjgLAFPM82hlUogccChGQwuJ37zHqRiImnoYQp+THoJixgl2khd+/DqIQWqIcQNoQnHN1kcgMQiwg1QWnXtslNxpsCLxM1JGeWod+2vTihoFkOiKSdKtV0n1f6ISM0oh3GpkylICR2QHrQNTUgMyh9N/xjjY6OEOBLSVKLxVP09MSKxUsM4MJ0x0X01703E/7x2pqMzf8SSNNOQ0NmiKONYCzwJBYdMmhD40BBCJTO3YtonkphgpCqZENz5lxeJV62cV9zbarl2kadRRAfoCJ0gF52iGrpGdeQhih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwCV8Ziw</latexit><latexit sha1_base64="RQNuEnbo9QR5IzVFFh1SLSANJ7A=">AAACBnicbVBNS8NAEN3Ur1q/oh4FWSyCp5L0ot6KIniSCo0ttKFsNpN26SYbdjdiKb158a948aDi1d/gzX/jts1BWx8MPN6bYWZekHKmtON8W4Wl5ZXVteJ6aWNza3vH3t27UyKTFDwquJCtgCjgLAFPM82hlUogccChGQwuJ37zHqRiImnoYQp+THoJixgl2khd+/DqIQWqIcQNoQnHN1kcgMQiwg1QWnXtslNxpsCLxM1JGeWod+2vTihoFkOiKSdKtV0n1f6ISM0oh3GpkylICR2QHrQNTUgMyh9N/xjjY6OEOBLSVKLxVP09MSKxUsM4MJ0x0X01703E/7x2pqMzf8SSNNOQ0NmiKONYCzwJBYdMmhD40BBCJTO3YtonkphgpCqZENz5lxeJV62cV9zbarl2kadRRAfoCJ0gF52iGrpGdeQhih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwCV8Ziw</latexit><latexit sha1_base64="RQNuEnbo9QR5IzVFFh1SLSANJ7A=">AAACBnicbVBNS8NAEN3Ur1q/oh4FWSyCp5L0ot6KIniSCo0ttKFsNpN26SYbdjdiKb158a948aDi1d/gzX/jts1BWx8MPN6bYWZekHKmtON8W4Wl5ZXVteJ6aWNza3vH3t27UyKTFDwquJCtgCjgLAFPM82hlUogccChGQwuJ37zHqRiImnoYQp+THoJixgl2khd+/DqIQWqIcQNoQnHN1kcgMQiwg1QWnXtslNxpsCLxM1JGeWod+2vTihoFkOiKSdKtV0n1f6ISM0oh3GpkylICR2QHrQNTUgMyh9N/xjjY6OEOBLSVKLxVP09MSKxUsM4MJ0x0X01703E/7x2pqMzf8SSNNOQ0NmiKONYCzwJBYdMmhD40BBCJTO3YtonkphgpCqZENz5lxeJV62cV9zbarl2kadRRAfoCJ0gF52iGrpGdeQhih7RM3pFb9aT9WK9Wx+z1oKVz+yjP7A+fwCV8Ziw</latexit>

p = 20%
<latexit sha1_base64="k5AXriubnqNHpefrmDE4Iqmq5o0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CZaCp7JbBPUgFL14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H49uZ336iSjMpHswkoUGMh4JFjGBjpVZyXXd71X654tbcOdAq8XJSgRzNfvmrN5AkjakwhGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDNr52iqlUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmugyyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx67Wrmnd/Xmnc5GkU4QRO4Qw8uIAG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8we4/o4a</latexit><latexit sha1_base64="k5AXriubnqNHpefrmDE4Iqmq5o0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CZaCp7JbBPUgFL14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H49uZ336iSjMpHswkoUGMh4JFjGBjpVZyXXd71X654tbcOdAq8XJSgRzNfvmrN5AkjakwhGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDNr52iqlUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmugyyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx67Wrmnd/Xmnc5GkU4QRO4Qw8uIAG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8we4/o4a</latexit><latexit sha1_base64="k5AXriubnqNHpefrmDE4Iqmq5o0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CZaCp7JbBPUgFL14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H49uZ336iSjMpHswkoUGMh4JFjGBjpVZyXXd71X654tbcOdAq8XJSgRzNfvmrN5AkjakwhGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDNr52iqlUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmugyyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx67Wrmnd/Xmnc5GkU4QRO4Qw8uIAG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8we4/o4a</latexit><latexit sha1_base64="k5AXriubnqNHpefrmDE4Iqmq5o0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CZaCp7JbBPUgFL14rOC2hXYp2TTbxmaTJckKZel/8OJBxas/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKVlqgj1ieRSdUKsKWeC+oYZTjuJojgOOW2H49uZ336iSjMpHswkoUGMh4JFjGBjpVZyXXd71X654tbcOdAq8XJSgRzNfvmrN5AkjakwhGOtu56bmCDDyjDC6bTUSzVNMBnjIe1aKnBMdZDNr52iqlUGKJLKljBorv6eyHCs9SQObWeMzUgvezPxP6+bmugyyJhIUkMFWSyKUo6MRLPX0YApSgyfWIKJYvZWREZYYWJsQCUbgrf88irx67Wrmnd/Xmnc5GkU4QRO4Qw8uIAG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8we4/o4a</latexit>

(Average Prevalence)
pL = 0.5%

<latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit><latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit><latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit><latexit sha1_base64="FESDW3d0h6KosCT6z30/lmpWzNE=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LJaCp5CIoh6EohcPHioYW0hD2Wy37dLNbtidCCX0Z3jxoOLVf+PNf+O2zUGrDwYe780wMy9OBTfgeV9OaWl5ZXWtvF7Z2Nza3qnu7j0YlWnKAqqE0u2YGCa4ZAFwEKydakaSWLBWPLqe+q1Hpg1X8h7GKYsSMpC8zykBK4Vp9/YSe+4p7tS71ZrnejPgv8QvSA0VaHarn52eolnCJFBBjAl9L4UoJxo4FWxS6WSGpYSOyICFlkqSMBPls5MnuG6VHu4rbUsCnqk/J3KSGDNOYtuZEBiaRW8q/ueFGfTPo5zLNAMm6XxRPxMYFJ7+j3tcMwpibAmhmttbMR0STSjYlCo2BH/x5b8kOHYvXP/upNa4KtIoowN0iI6Qj85QA92gJgoQRQo9oRf06oDz7Lw57/PWklPM7KNfcD6+ASojj2g=</latexit>

pM = 5%
<latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit><latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit><latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit><latexit sha1_base64="DlYZ2z82QPztL1rISns6YM2H6qM=">AAAB73icbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil68CBVcW2mXkk2zbWiSXZKsUJb+Ci8eVLz6d7z5b0zbPWjrg4HHezPMzAsTzrRx3W+nsLS8srpWXC9tbG5t75R39x50nCpCfRLzWLVCrClnkvqGGU5biaJYhJw2w+H1xG8+UaVZLO/NKKGBwH3JIkawsdJj0r29RKeoU+2WK27NnQItEi8nFcjR6Ja/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNsevAYVa3SQ1GsbEmDpurviQwLrUcitJ0Cm4Ge9ybif147NdF5kDGZpIZKMlsUpRyZGE2+Rz2mKDF8ZAkmitlbERlghYmxGZVsCN78y4vEP65d1Ly7k0r9Kk+jCAdwCEfgwRnU4QYa4AMBAc/wCm+Ocl6cd+dj1lpw8pl9+APn8wdPA473</latexit>

pH = 50%
<latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit><latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit><latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit><latexit sha1_base64="pkSkhHLvoLRLdZb43alSBSkj2jQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CZaCp7IrinoQil56rODaYruUbJptQ7PZkGSFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXig508Z1v53Cyura+kZxs7S1vbO7V94/eNBJqgj1ScIT1Q6xppwJ6htmOG1LRXEcctoKR7dTv/VElWaJuDdjSYMYDwSLGMHGSo+y17hG5y7qVnvliltzZ0DLxMtJBXI0e+Wvbj8haUyFIRxr3fFcaYIMK8MIp5NSN9VUYjLCA9qxVOCY6iCbXTxBVav0UZQoW8Kgmfp7IsOx1uM4tJ0xNkO96E3F/7xOaqLLIGNCpoYKMl8UpRyZBE3fR32mKDF8bAkmitlbERlihYmxIZVsCN7iy8vEP61d1by7s0r9Jk+jCEdwDCfgwQXUoQFN8IGAgGd4hTdHOy/Ou/Mxby04+cwh/IHz+QO3Eo8s</latexit>

(low-risk) (Med.-risk) (High-risk)

(Average Prevalence)

Heterogeneity 
Unaware

-47%
-44%

-41%
-38%

-35%

Percentage Savings in 
number of tests

↵L = 0.6
<latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit><latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit><latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit><latexit sha1_base64="T3beiNtfxtjfu2Kf5ICeKXQrOvA=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4GmZEXA5C0IsHDxEcE0jGUNPpSZr0LHT3KGHIf3jxoOLVj/Hm39hZDpr4oODxXhVV9YJUcKUd59sqLCwuLa8UV0tr6xubW+XtnXuVZJIyjyYikY0AFRM8Zp7mWrBGKhlGgWD1oH818uuPTCqexHd6kDI/wm7MQ05RG+mhhSLtYfuGXBDHPmmXK47tjEHmiTslFZii1i5/tToJzSIWaypQqabrpNrPUWpOBRuWWpliKdI+dlnT0Bgjpvx8fPWQHBilQ8JEmoo1Gau/J3KMlBpEgemMUPfUrDcS//OamQ7P/JzHaaZZTCeLwkwQnZBRBKTDJaNaDAxBKrm5ldAeSqTaBFUyIbizL88T78g+t93b40r1cppGEfZgHw7BhVOowjXUwAMKEp7hFd6sJ+vFerc+Jq0FazqzC39gff4A2OyQ+A==</latexit>

↵M = 0.007
<latexit sha1_base64="Umq071XR6bNE5I8qW0bCiav07h0=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y0OWj1wTCP92bY2RemnCntOF9WZWV1bX2julnb2t7Z3bP3Dx5VkklCPZLwRHZDUJQzQT3NNKfdVFKIQ0474fim8DsTKhVLxIOeptSPYShYxAhoIwW23QeejiC4w1fYaThOM7DrRS+A/xK3JHVUoh3Yn/1BQrKYCk04KNVznVT7OUjNCKezWj9TNAUyhiHtGSogpsrP55fP8IlRBjhKpCmh8Vz9uZFDrNQ0Ds1kDHqklr1C/M/rZTq68HMm0kxTQRYPRRnHOsFFDHjAJCWaTw0BIpm5FZMRSCDahFUzIbjLX/5LvLPGZcO9P6+3rss0qugIHaNT5KImaqFb1EYeImiCntALerVy69l6s94XoxWr3DlEv2B9fAM3SZGf</latexit><latexit sha1_base64="Umq071XR6bNE5I8qW0bCiav07h0=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y0OWj1wTCP92bY2RemnCntOF9WZWV1bX2julnb2t7Z3bP3Dx5VkklCPZLwRHZDUJQzQT3NNKfdVFKIQ0474fim8DsTKhVLxIOeptSPYShYxAhoIwW23QeejiC4w1fYaThOM7DrRS+A/xK3JHVUoh3Yn/1BQrKYCk04KNVznVT7OUjNCKezWj9TNAUyhiHtGSogpsrP55fP8IlRBjhKpCmh8Vz9uZFDrNQ0Ds1kDHqklr1C/M/rZTq68HMm0kxTQRYPRRnHOsFFDHjAJCWaTw0BIpm5FZMRSCDahFUzIbjLX/5LvLPGZcO9P6+3rss0qugIHaNT5KImaqFb1EYeImiCntALerVy69l6s94XoxWr3DlEv2B9fAM3SZGf</latexit><latexit sha1_base64="Umq071XR6bNE5I8qW0bCiav07h0=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y0OWj1wTCP92bY2RemnCntOF9WZWV1bX2julnb2t7Z3bP3Dx5VkklCPZLwRHZDUJQzQT3NNKfdVFKIQ0474fim8DsTKhVLxIOeptSPYShYxAhoIwW23QeejiC4w1fYaThOM7DrRS+A/xK3JHVUoh3Yn/1BQrKYCk04KNVznVT7OUjNCKezWj9TNAUyhiHtGSogpsrP55fP8IlRBjhKpCmh8Vz9uZFDrNQ0Ds1kDHqklr1C/M/rZTq68HMm0kxTQRYPRRnHOsFFDHjAJCWaTw0BIpm5FZMRSCDahFUzIbjLX/5LvLPGZcO9P6+3rss0qugIHaNT5KImaqFb1EYeImiCntALerVy69l6s94XoxWr3DlEv2B9fAM3SZGf</latexit><latexit sha1_base64="Umq071XR6bNE5I8qW0bCiav07h0=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lEqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y0OWj1wTCP92bY2RemnCntOF9WZWV1bX2julnb2t7Z3bP3Dx5VkklCPZLwRHZDUJQzQT3NNKfdVFKIQ0474fim8DsTKhVLxIOeptSPYShYxAhoIwW23QeejiC4w1fYaThOM7DrRS+A/xK3JHVUoh3Yn/1BQrKYCk04KNVznVT7OUjNCKezWj9TNAUyhiHtGSogpsrP55fP8IlRBjhKpCmh8Vz9uZFDrNQ0Ds1kDHqklr1C/M/rZTq68HMm0kxTQRYPRRnHOsFFDHjAJCWaTw0BIpm5FZMRSCDahFUzIbjLX/5LvLPGZcO9P6+3rss0qugIHaNT5KImaqFb1EYeImiCntALerVy69l6s94XoxWr3DlEv2B9fAM3SZGf</latexit>

↵H = 0.393
<latexit sha1_base64="lp+hwbh7BPssnwju0GfKgwo/ytk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hU0B6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvwlyJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6FU3O8h6tq/a5Io4xO0Ck6Rx66RnXUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w87uZGi</latexit><latexit sha1_base64="lp+hwbh7BPssnwju0GfKgwo/ytk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hU0B6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvwlyJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6FU3O8h6tq/a5Io4xO0Ck6Rx66RnXUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w87uZGi</latexit><latexit sha1_base64="lp+hwbh7BPssnwju0GfKgwo/ytk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hU0B6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvwlyJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6FU3O8h6tq/a5Io4xO0Ck6Rx66RnXUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w87uZGi</latexit><latexit sha1_base64="lp+hwbh7BPssnwju0GfKgwo/ytk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hU0B6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvwlyJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6FU3O8h6tq/a5Io4xO0Ck6Rx66RnXUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w87uZGi</latexit>

↵L = 0.5
<latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit><latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit><latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit><latexit sha1_base64="8iumO9kp8j5Id4q3IMZ6bKdi+dQ=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadkVRT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjn7TLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tcaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A12mQ9w==</latexit>

↵M = 0.117
<latexit sha1_base64="bS+MdGl0tQRIhLQ0uI5Eq2C++T4=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hEqB6EohcvQgVjC20Im+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWj1wcDjvRlm5kUZZ0q77pdVWVldW9+obta2tnd29+z9g0eV5pJQn6Q8lZ0IK8qZoL5mmtNOJilOIk7b0ehm5rfHVCqWigc9yWiQ4IFgMSNYGym07R7m2RCHd+gKuY7nNUK77jruHOgv8UpShxKt0P7s9VOSJ1RowrFSXc/NdFBgqRnhdFrr5YpmmIzwgHYNFTihKijml0/RiVH6KE6lKaHRXP05UeBEqUkSmc4E66Fa9mbif1431/FFUDCR5ZoKslgU5xzpFM1iQH0mKdF8YggmkplbERliiYk2YdVMCN7yy3+Jf+ZcOt79eb15XaZRhSM4hlPwoAFNuIUW+EBgDE/wAq9WYT1bb9b7orVilTOH8AvWxzc6UpGh</latexit><latexit sha1_base64="bS+MdGl0tQRIhLQ0uI5Eq2C++T4=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hEqB6EohcvQgVjC20Im+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWj1wcDjvRlm5kUZZ0q77pdVWVldW9+obta2tnd29+z9g0eV5pJQn6Q8lZ0IK8qZoL5mmtNOJilOIk7b0ehm5rfHVCqWigc9yWiQ4IFgMSNYGym07R7m2RCHd+gKuY7nNUK77jruHOgv8UpShxKt0P7s9VOSJ1RowrFSXc/NdFBgqRnhdFrr5YpmmIzwgHYNFTihKijml0/RiVH6KE6lKaHRXP05UeBEqUkSmc4E66Fa9mbif1431/FFUDCR5ZoKslgU5xzpFM1iQH0mKdF8YggmkplbERliiYk2YdVMCN7yy3+Jf+ZcOt79eb15XaZRhSM4hlPwoAFNuIUW+EBgDE/wAq9WYT1bb9b7orVilTOH8AvWxzc6UpGh</latexit><latexit sha1_base64="bS+MdGl0tQRIhLQ0uI5Eq2C++T4=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hEqB6EohcvQgVjC20Im+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWj1wcDjvRlm5kUZZ0q77pdVWVldW9+obta2tnd29+z9g0eV5pJQn6Q8lZ0IK8qZoL5mmtNOJilOIk7b0ehm5rfHVCqWigc9yWiQ4IFgMSNYGym07R7m2RCHd+gKuY7nNUK77jruHOgv8UpShxKt0P7s9VOSJ1RowrFSXc/NdFBgqRnhdFrr5YpmmIzwgHYNFTihKijml0/RiVH6KE6lKaHRXP05UeBEqUkSmc4E66Fa9mbif1431/FFUDCR5ZoKslgU5xzpFM1iQH0mKdF8YggmkplbERliiYk2YdVMCN7yy3+Jf+ZcOt79eb15XaZRhSM4hlPwoAFNuIUW+EBgDE/wAq9WYT1bb9b7orVilTOH8AvWxzc6UpGh</latexit><latexit sha1_base64="bS+MdGl0tQRIhLQ0uI5Eq2C++T4=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hEqB6EohcvQgVjC20Im+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWj1wcDjvRlm5kUZZ0q77pdVWVldW9+obta2tnd29+z9g0eV5pJQn6Q8lZ0IK8qZoL5mmtNOJilOIk7b0ehm5rfHVCqWigc9yWiQ4IFgMSNYGym07R7m2RCHd+gKuY7nNUK77jruHOgv8UpShxKt0P7s9VOSJ1RowrFSXc/NdFBgqRnhdFrr5YpmmIzwgHYNFTihKijml0/RiVH6KE6lKaHRXP05UeBEqUkSmc4E66Fa9mbif1431/FFUDCR5ZoKslgU5xzpFM1iQH0mKdF8YggmkplbERliiYk2YdVMCN7yy3+Jf+ZcOt79eb15XaZRhSM4hlPwoAFNuIUW+EBgDE/wAq9WYT1bb9b7orVilTOH8AvWxzc6UpGh</latexit>

↵H = 0.383
<latexit sha1_base64="/0WdlH9y1MpM5d648rdPBGR3nfw=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hUsB6EopceKxhbaEPYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y6wopwJ6mumOW2nkuI44rQVje5nfmtMpWKJeNSTlAYxHgjWZwRrI4W23cU8HeKwgW6R61zWLkO76jruHGiVeAWpQoFmaH91ewnJYio04VipjuemOsix1IxwOq10M0VTTEZ4QDuGChxTFeTzy6fozCg91E+kKaHRXP09keNYqUkcmc4Y66Fa9mbif14n0/1akDORZpoKsljUzzjSCZrFgHpMUqL5xBBMJDO3IjLEEhNtwqqYELzll1eJf+HcON7DVbV+V6RRhhM4hXPw4Brq0IAm+EBgDM/wCm9Wbr1Y79bHorVkFTPH8AfW5w86NZGh</latexit><latexit sha1_base64="/0WdlH9y1MpM5d648rdPBGR3nfw=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hUsB6EopceKxhbaEPYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y6wopwJ6mumOW2nkuI44rQVje5nfmtMpWKJeNSTlAYxHgjWZwRrI4W23cU8HeKwgW6R61zWLkO76jruHGiVeAWpQoFmaH91ewnJYio04VipjuemOsix1IxwOq10M0VTTEZ4QDuGChxTFeTzy6fozCg91E+kKaHRXP09keNYqUkcmc4Y66Fa9mbif14n0/1akDORZpoKsljUzzjSCZrFgHpMUqL5xBBMJDO3IjLEEhNtwqqYELzll1eJf+HcON7DVbV+V6RRhhM4hXPw4Brq0IAm+EBgDM/wCm9Wbr1Y79bHorVkFTPH8AfW5w86NZGh</latexit><latexit sha1_base64="/0WdlH9y1MpM5d648rdPBGR3nfw=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hUsB6EopceKxhbaEPYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y6wopwJ6mumOW2nkuI44rQVje5nfmtMpWKJeNSTlAYxHgjWZwRrI4W23cU8HeKwgW6R61zWLkO76jruHGiVeAWpQoFmaH91ewnJYio04VipjuemOsix1IxwOq10M0VTTEZ4QDuGChxTFeTzy6fozCg91E+kKaHRXP09keNYqUkcmc4Y66Fa9mbif14n0/1akDORZpoKsljUzzjSCZrFgHpMUqL5xBBMJDO3IjLEEhNtwqqYELzll1eJf+HcON7DVbV+V6RRhhM4hXPw4Brq0IAm+EBgDM/wCm9Wbr1Y79bHorVkFTPH8AfW5w86NZGh</latexit><latexit sha1_base64="/0WdlH9y1MpM5d648rdPBGR3nfw=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0hUsB6EopceKxhbaEPYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y6wopwJ6mumOW2nkuI44rQVje5nfmtMpWKJeNSTlAYxHgjWZwRrI4W23cU8HeKwgW6R61zWLkO76jruHGiVeAWpQoFmaH91ewnJYio04VipjuemOsix1IxwOq10M0VTTEZ4QDuGChxTFeTzy6fozCg91E+kKaHRXP09keNYqUkcmc4Y66Fa9mbif14n0/1akDORZpoKsljUzzjSCZrFgHpMUqL5xBBMJDO3IjLEEhNtwqqYELzll1eJf+HcON7DVbV+V6RRhhM4hXPw4Brq0IAm+EBgDM/wCm9Wbr1Y79bHorVkFTPH8AfW5w86NZGh</latexit>

↵L = 0.4
<latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit><latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit><latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit><latexit sha1_base64="p0onVPV1nnplJH5l5w/CfBjaemE=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgddxJQC2EoI2FRQTPBJIzzG02yZK9D3b3lHDkf9hYqNj6Y+z8N26SKzTxwcDjvRlm5gWJ4Eo7zrdVWFpeWV0rrpc2Nre2d8q7e/cqTiVlHo1FLJsBKiZ4xDzNtWDNRDIMA8EawfBq4jcemVQ8ju70KGF+iP2I9zhFbaSHNopkgJ0bckEcu9opVxzbmYIsEjcnFchR75S/2t2YpiGLNBWoVMt1Eu1nKDWngo1L7VSxBOkQ+6xlaIQhU342vXpMjozSJb1Ymoo0maq/JzIMlRqFgekMUQ/UvDcR//Naqe6d+RmPklSziM4W9VJBdEwmEZAul4xqMTIEqeTmVkIHKJFqE1TJhODOv7xIvBP73HZvq5XaZZ5GEQ7gEI7BhVOowTXUwQMKEp7hFd6sJ+vFerc+Zq0FK5/Zhz+wPn8A1eaQ9g==</latexit>

↵M = 0.227
<latexit sha1_base64="RcZHWrGRBMmrEf19oQFaXu9Brbk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0iKUD0IRS9ehArGFtoQJtttu3SzCbubQgn9J148qHj1p3jz37htc9DWBwOP92aYmRelnCntut9WaW19Y3OrvF3Z2d3bP7APj55UkklCfZLwRLYjUJQzQX3NNKftVFKII05b0eh25rfGVCqWiEc9SWkQw0CwPiOgjRTadhd4OoTwHl9j16nV6qFddR13DrxKvIJUUYFmaH91ewnJYio04aBUx3NTHeQgNSOcTivdTNEUyAgGtGOogJiqIJ9fPsVnRunhfiJNCY3n6u+JHGKlJnFkOmPQQ7XszcT/vE6m+5dBzkSaaSrIYlE/41gneBYD7jFJieYTQ4BIZm7FZAgSiDZhVUwI3vLLq8SvOVeO93BRbdwUaZTRCTpF58hDddRAd6iJfETQGD2jV/Rm5daL9W59LFpLVjFzjP7A+vwBPVuRow==</latexit><latexit sha1_base64="RcZHWrGRBMmrEf19oQFaXu9Brbk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0iKUD0IRS9ehArGFtoQJtttu3SzCbubQgn9J148qHj1p3jz37htc9DWBwOP92aYmRelnCntut9WaW19Y3OrvF3Z2d3bP7APj55UkklCfZLwRLYjUJQzQX3NNKftVFKII05b0eh25rfGVCqWiEc9SWkQw0CwPiOgjRTadhd4OoTwHl9j16nV6qFddR13DrxKvIJUUYFmaH91ewnJYio04aBUx3NTHeQgNSOcTivdTNEUyAgGtGOogJiqIJ9fPsVnRunhfiJNCY3n6u+JHGKlJnFkOmPQQ7XszcT/vE6m+5dBzkSaaSrIYlE/41gneBYD7jFJieYTQ4BIZm7FZAgSiDZhVUwI3vLLq8SvOVeO93BRbdwUaZTRCTpF58hDddRAd6iJfETQGD2jV/Rm5daL9W59LFpLVjFzjP7A+vwBPVuRow==</latexit><latexit sha1_base64="RcZHWrGRBMmrEf19oQFaXu9Brbk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0iKUD0IRS9ehArGFtoQJtttu3SzCbubQgn9J148qHj1p3jz37htc9DWBwOP92aYmRelnCntut9WaW19Y3OrvF3Z2d3bP7APj55UkklCfZLwRLYjUJQzQX3NNKftVFKII05b0eh25rfGVCqWiEc9SWkQw0CwPiOgjRTadhd4OoTwHl9j16nV6qFddR13DrxKvIJUUYFmaH91ewnJYio04aBUx3NTHeQgNSOcTivdTNEUyAgGtGOogJiqIJ9fPsVnRunhfiJNCY3n6u+JHGKlJnFkOmPQQ7XszcT/vE6m+5dBzkSaaSrIYlE/41gneBYD7jFJieYTQ4BIZm7FZAgSiDZhVUwI3vLLq8SvOVeO93BRbdwUaZTRCTpF58hDddRAd6iJfETQGD2jV/Rm5daL9W59LFpLVjFzjP7A+vwBPVuRow==</latexit><latexit sha1_base64="RcZHWrGRBMmrEf19oQFaXu9Brbk=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0iKUD0IRS9ehArGFtoQJtttu3SzCbubQgn9J148qHj1p3jz37htc9DWBwOP92aYmRelnCntut9WaW19Y3OrvF3Z2d3bP7APj55UkklCfZLwRLYjUJQzQX3NNKftVFKII05b0eh25rfGVCqWiEc9SWkQw0CwPiOgjRTadhd4OoTwHl9j16nV6qFddR13DrxKvIJUUYFmaH91ewnJYio04aBUx3NTHeQgNSOcTivdTNEUyAgGtGOogJiqIJ9fPsVnRunhfiJNCY3n6u+JHGKlJnFkOmPQQ7XszcT/vE6m+5dBzkSaaSrIYlE/41gneBYD7jFJieYTQ4BIZm7FZAgSiDZhVUwI3vLLq8SvOVeO93BRbdwUaZTRCTpF58hDddRAd6iJfETQGD2jV/Rm5daL9W59LFpLVjFzjP7A+vwBPVuRow==</latexit>

↵H = 0.373
<latexit sha1_base64="O4R16GOIy3yv82aHkh6DyCNq0FY=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hUqB6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvw5yJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6Fc+N4D1fV+l2RRhmdoFN0jjxUQ3XUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w84sZGg</latexit><latexit sha1_base64="O4R16GOIy3yv82aHkh6DyCNq0FY=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hUqB6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvw5yJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6Fc+N4D1fV+l2RRhmdoFN0jjxUQ3XUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w84sZGg</latexit><latexit sha1_base64="O4R16GOIy3yv82aHkh6DyCNq0FY=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hUqB6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvw5yJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6Fc+N4D1fV+l2RRhmdoFN0jjxUQ3XUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w84sZGg</latexit><latexit sha1_base64="O4R16GOIy3yv82aHkh6DyCNq0FY=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0hUqB6EopceKxhbaEOYbLft0s0m7G4KJfSfePGg4tWf4s1/47bNQVsfDDzem2FmXpRyprTrflultfWNza3ydmVnd2//wD48elJJJgn1ScIT2Y5AUc4E9TXTnLZTSSGOOG1Fo/uZ3xpTqVgiHvUkpUEMA8H6jIA2UmjbXeDpEMIGvsWuc1m7DO2q67hz4FXiFaSKCjRD+6vbS0gWU6EJB6U6npvqIAepGeF0WulmiqZARjCgHUMFxFQF+fzyKT4zSg/3E2lKaDxXf0/kECs1iSPTGYMeqmVvJv7ndTLdvw5yJtJMU0EWi/oZxzrBsxhwj0lKNJ8YAkQycysmQ5BAtAmrYkLwll9eJf6Fc+N4D1fV+l2RRhmdoFN0jjxUQ3XUQE3kI4LG6Bm9ojcrt16sd+tj0Vqyiplj9AfW5w84sZGg</latexit>

↵L = 0.3
<latexit sha1_base64="xaAN4eeDM9qT26W0KnJh3sjCiUY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadlVQT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjH7fLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tSaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A1GOQ9Q==</latexit><latexit sha1_base64="xaAN4eeDM9qT26W0KnJh3sjCiUY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadlVQT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjH7fLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tSaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A1GOQ9Q==</latexit><latexit sha1_base64="xaAN4eeDM9qT26W0KnJh3sjCiUY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadlVQT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjH7fLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tSaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A1GOQ9Q==</latexit><latexit sha1_base64="xaAN4eeDM9qT26W0KnJh3sjCiUY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgadlVQT0IQS8ePERwTSBZQ+9kNhky+2BmVglL/sOLBxWvfow3/8bJ46CJBQ1FVTfdXUEquNKO820VFhaXlleKq6W19Y3NrfL2zr1KMkmZRxORyEaAigkeM09zLVgjlQyjQLB60L8a+fVHJhVP4js9SJkfYTfmIaeojfTQQpH2sH1DLohjH7fLFcd2xiDzxJ2SCkxRa5e/Wp2EZhGLNRWoVNN1Uu3nKDWngg1LrUyxFGkfu6xpaIwRU34+vnpIDozSIWEiTcWajNXfEzlGSg2iwHRGqHtq1huJ/3nNTIdnfs7jNNMsppNFYSaITsgoAtLhklEtBoYgldzcSmgPJVJtgiqZENzZl+eJd2Sf2+7tSaV6OU2jCHuwD4fgwilU4Rpq4AEFCc/wCm/Wk/VivVsfk9aCNZ3ZhT+wPn8A1GOQ9Q==</latexit>

↵M = 0.337
<latexit sha1_base64="D9eKFN1Tw2BfS0KfuXDgqwYirNM=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lUqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7B08qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg79VsjKhVLxKMep9SPoS9YxAhoIwW23QWeDiC4x9fYqZ2f1wO76tScGfAycQtSRQWagf3V7SUki6nQhINSHddJtZ+D1IxwOql0M0VTIEPo046hAmKq/Hx2+QSfGKWHo0SaEhrP1N8TOcRKjePQdMagB2rRm4r/eZ1MR5d+zkSaaSrIfFGUcawTPI0B95ikRPOxIUAkM7diMgAJRJuwKiYEd/HlZeKd1a5q7sNFtXFTpFFGR+gYnSIX1VED3aEm8hBBI/SMXtGblVsv1rv1MW8tWcXMIfoD6/MHQGSRpQ==</latexit><latexit sha1_base64="D9eKFN1Tw2BfS0KfuXDgqwYirNM=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lUqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7B08qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg79VsjKhVLxKMep9SPoS9YxAhoIwW23QWeDiC4x9fYqZ2f1wO76tScGfAycQtSRQWagf3V7SUki6nQhINSHddJtZ+D1IxwOql0M0VTIEPo046hAmKq/Hx2+QSfGKWHo0SaEhrP1N8TOcRKjePQdMagB2rRm4r/eZ1MR5d+zkSaaSrIfFGUcawTPI0B95ikRPOxIUAkM7diMgAJRJuwKiYEd/HlZeKd1a5q7sNFtXFTpFFGR+gYnSIX1VED3aEm8hBBI/SMXtGblVsv1rv1MW8tWcXMIfoD6/MHQGSRpQ==</latexit><latexit sha1_base64="D9eKFN1Tw2BfS0KfuXDgqwYirNM=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lUqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7B08qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg79VsjKhVLxKMep9SPoS9YxAhoIwW23QWeDiC4x9fYqZ2f1wO76tScGfAycQtSRQWagf3V7SUki6nQhINSHddJtZ+D1IxwOql0M0VTIEPo046hAmKq/Hx2+QSfGKWHo0SaEhrP1N8TOcRKjePQdMagB2rRm4r/eZ1MR5d+zkSaaSrIfFGUcawTPI0B95ikRPOxIUAkM7diMgAJRJuwKiYEd/HlZeKd1a5q7sNFtXFTpFFGR+gYnSIX1VED3aEm8hBBI/SMXtGblVsv1rv1MW8tWcXMIfoD6/MHQGSRpQ==</latexit><latexit sha1_base64="D9eKFN1Tw2BfS0KfuXDgqwYirNM=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lUqB6EohcvQgVjC20Ik+2mXbrZhN1NoYT+Ey8eVLz6U7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7B08qySShHkl4ItshKMqZoJ5mmtN2KinEIaetcHg79VsjKhVLxKMep9SPoS9YxAhoIwW23QWeDiC4x9fYqZ2f1wO76tScGfAycQtSRQWagf3V7SUki6nQhINSHddJtZ+D1IxwOql0M0VTIEPo046hAmKq/Hx2+QSfGKWHo0SaEhrP1N8TOcRKjePQdMagB2rRm4r/eZ1MR5d+zkSaaSrIfFGUcawTPI0B95ikRPOxIUAkM7diMgAJRJuwKiYEd/HlZeKd1a5q7sNFtXFTpFFGR+gYnSIX1VED3aEm8hBBI/SMXtGblVsv1rv1MW8tWcXMIfoD6/MHQGSRpQ==</latexit>

↵H = 0.363
<latexit sha1_base64="6nMnZXHKKGRQIqFBBMTthQdzX2w=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lU/DgIRS89VjC20IYw2W7apZtN2N0USug/8eJBxas/xZv/xm2bg7Y+GHi8N8PMvDDlTGnH+bZKK6tr6xvlzcrW9s7unr1/8KSSTBLqkYQnsh2CopwJ6mmmOW2nkkIcctoKh/dTvzWiUrFEPOpxSv0Y+oJFjIA2UmDbXeDpAIIGvsVO7fzyPLCrTs2ZAS8TtyBVVKAZ2F/dXkKymApNOCjVcZ1U+zlIzQink0o3UzQFMoQ+7RgqIKbKz2eXT/CJUXo4SqQpofFM/T2RQ6zUOA5NZwx6oBa9qfif18l0dO3nTKSZpoLMF0UZxzrB0xhwj0lKNB8bAkQycysmA5BAtAmrYkJwF19eJt5Z7abmPlxU63dFGmV0hI7RKXLRFaqjBmoiDxE0Qs/oFb1ZufVivVsf89aSVcwcoj+wPn8ANy2Rnw==</latexit><latexit sha1_base64="6nMnZXHKKGRQIqFBBMTthQdzX2w=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lU/DgIRS89VjC20IYw2W7apZtN2N0USug/8eJBxas/xZv/xm2bg7Y+GHi8N8PMvDDlTGnH+bZKK6tr6xvlzcrW9s7unr1/8KSSTBLqkYQnsh2CopwJ6mmmOW2nkkIcctoKh/dTvzWiUrFEPOpxSv0Y+oJFjIA2UmDbXeDpAIIGvsVO7fzyPLCrTs2ZAS8TtyBVVKAZ2F/dXkKymApNOCjVcZ1U+zlIzQink0o3UzQFMoQ+7RgqIKbKz2eXT/CJUXo4SqQpofFM/T2RQ6zUOA5NZwx6oBa9qfif18l0dO3nTKSZpoLMF0UZxzrB0xhwj0lKNB8bAkQycysmA5BAtAmrYkJwF19eJt5Z7abmPlxU63dFGmV0hI7RKXLRFaqjBmoiDxE0Qs/oFb1ZufVivVsf89aSVcwcoj+wPn8ANy2Rnw==</latexit><latexit sha1_base64="6nMnZXHKKGRQIqFBBMTthQdzX2w=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lU/DgIRS89VjC20IYw2W7apZtN2N0USug/8eJBxas/xZv/xm2bg7Y+GHi8N8PMvDDlTGnH+bZKK6tr6xvlzcrW9s7unr1/8KSSTBLqkYQnsh2CopwJ6mmmOW2nkkIcctoKh/dTvzWiUrFEPOpxSv0Y+oJFjIA2UmDbXeDpAIIGvsVO7fzyPLCrTs2ZAS8TtyBVVKAZ2F/dXkKymApNOCjVcZ1U+zlIzQink0o3UzQFMoQ+7RgqIKbKz2eXT/CJUXo4SqQpofFM/T2RQ6zUOA5NZwx6oBa9qfif18l0dO3nTKSZpoLMF0UZxzrB0xhwj0lKNB8bAkQycysmA5BAtAmrYkJwF19eJt5Z7abmPlxU63dFGmV0hI7RKXLRFaqjBmoiDxE0Qs/oFb1ZufVivVsf89aSVcwcoj+wPn8ANy2Rnw==</latexit><latexit sha1_base64="6nMnZXHKKGRQIqFBBMTthQdzX2w=">AAAB+HicbVBNS8NAEN3Ur1q/oh69LBbBU0lU/DgIRS89VjC20IYw2W7apZtN2N0USug/8eJBxas/xZv/xm2bg7Y+GHi8N8PMvDDlTGnH+bZKK6tr6xvlzcrW9s7unr1/8KSSTBLqkYQnsh2CopwJ6mmmOW2nkkIcctoKh/dTvzWiUrFEPOpxSv0Y+oJFjIA2UmDbXeDpAIIGvsVO7fzyPLCrTs2ZAS8TtyBVVKAZ2F/dXkKymApNOCjVcZ1U+zlIzQink0o3UzQFMoQ+7RgqIKbKz2eXT/CJUXo4SqQpofFM/T2RQ6zUOA5NZwx6oBa9qfif18l0dO3nTKSZpoLMF0UZxzrB0xhwj0lKNB8bAkQycysmA5BAtAmrYkJwF19eJt5Z7abmPlxU63dFGmV0hI7RKXLRFaqjBmoiDxE0Qs/oFb1ZufVivVsf89aSVcwcoj+wPn8ANy2Rnw==</latexit>
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Fig. 2: Average number of tests using heterogeneity aware two-stage group testing for a total of N = 10000 samples with
optimal pooling parameters, and two values of average prevalence rate p = 0.05 and p = 0.2. Figure 5 shows the optimal
pooling parameters for each cluster found numerically. Reduction in number of tests is shown compared to heterogeneity
unaware scheme for different heterogeneity profiles, determined by varying cluster ratios.

where

f(p) = max
w=2,3,...

{−w ln(1− (1− p)w−1)},

g(p) = max
w=2,3,...

{−w ln(1− (1− p)w)},

where w is the pool size.

Bound 1 is a universal bound from [46] that can be applied
to any group testing algorithm. The idea behind Bound 2 and
3 is as follows. Consider any conservative two-stage group
testing algorithm and assume that the number of tests in Stage
1 T1 is fixed. The goal becomes to derive lower bounds on the
expected number of tests in Stage 2 E[T2] as a function of T1.
For Bound 2, the authors in [4] count every sample that solely
appears in positive pools. For bound 3, all positive samples
and all negative samples that only appear in positive pools
are counted. Essentially, one works with marginal probability
that a sample cannot be classified and the other works with
conditional probabilities that a sample cannot be classified
given the events that the true status of that particular sample is
positive or negative during Stage 1. Once the bounds for E[T2]
are derived, one can then optimize each bound over T1. From
f(p) and g(p), we can see that they are determined by the pool
size w and the prevalence rate p. However, for a population
with heterogeneous samples, one needs to keep track of the
number of samples from each cluster and the contributions
of their respective local prevalence rates to the lower bounds.
Therefore, the lower bounds in Lemma 1 cannot be directly
applied to our setting.

The results in [4] showed (also demonstrated in Figure 1)
that doubly constant pooling algorithm achieves the lowest
expected normalized number of tests and is very close to the
lower bound in Lemma 1. In addition, practically desirable
aspects for cases when there are underlying pooling constraints
in terms of pool size and maximum number of tests per each

sample are incorporated in doubly constant algorithm. Hence-
forth, for the scope of this paper, we focus on the analysis
of Doubly constant algorithm and showing the benefits of
leveraging knowledge about heterogeneity across samples.

IV. MAIN RESULTS AND DISCUSSIONS

In this work, we provide guarantees on the benefits of
utilizing the heterogeneity knowledge using two-stage group
testing. Figure 2 shows numerical results for the case of
C = 3 clusters: low, medium and high risk, with local
prevalence rates: pL = 0.005, pM = 0.05 and pH = 0.5,
respectively. We consider two cases for average prevalence
rate p = 0.05 and p = 0.2. We compute the number of tests
achieved by using a heterogeneity aware scheme, i.e., applying
two-stage doubly constant group testing over the population
clusters independently. We note that for the high-risk cluster,
the optimal pooling parameters (r, s) are in fact both 1, i.e.,
equivalent to individual testing, as shown in the next Section.

Figure 2 shows the expected normalized number of tests as
well as the error bar for various population fraction values,
i.e., (αL, αM , αH). We can see the improvement of applying
the heterogeneity aware model compared to heterogeneity un-
aware for different heterogeneity profiles. We can also notice
that larger size of low-risk patient cluster requires less number
of total tests, i.e., larger αL. For instance, for p = 5% and
(αL, αM , αH) = (0.8, 0.12, 0.08), the heterogeneity unaware
scheme requires a total of 3733 tests for N = 10000 samples,
and the heterogeneity aware scheme requires a total of 1754
tests, which is a 53.01% reduction. Moreover, we can see that
the total number of tests is centered around the mean and that
is because the number of undecided samples in stage 2, T2,
follows a Binomial distribution (see [4]).

In this section, we first analyze the doubly constant al-
gorithm for the optimized choice of the pooling parameters
(r, s) to obtain the optimized number of tests T ∗(p). Next, we
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study the concavity of T ∗(p) as a function of the prevalence
rate p which is a desired property for the heterogeneity aware
approach to outperform the heterogeneity unaware model. Due
to the complexity of obtaining T ∗(p) in a closed form, we
present an approximation for low prevalence values which
gives some theoretical insights on the concavity of T ∗(p).

We note that the choice of pooling algorithm is independent
of how we utilize the heterogeneity knowledge in this work.
We focus on Doubly constant algorithm for its superior
performance.

A. Optimizing Two-stage Group Testing using Doubly Con-
stant Algorithm

For simplicity, since we only consider doubly constant for
the rest of this paper, we drop the notation for pooling strategy
ψDoubly
p and directly express the expected normalized number

of tests using the prevalence rate p, number of tests per sample
r, and the pool size s, i.e., T (p, ψDoubly

p = (r, s)) , T (p, r, s).
Recall that T (p, r, s) is defined as:

T (p, r, s) =
r − 1

s
+ p+ (1− p)(1− (1− p)s−1

)r−1. (11)

For practical constraints, we assume maximum smax pool
size and maximum rmax number of tests per sample over
two stages. To satisfy the pooling constraints, we must have
s ≤ smax and r ≤ rmax.

We can find the optimal pool size s∗(p, r) as a function of
the prevalence rate p and the number of tests per sample r
by minimizing the expression in (11). Taking the derivative of
(11) w.r.t. s and setting it to zero, we can obtain s∗(p, r) by
solving the following equation,

s2(1−p)s ln(1−p)
(
1− (1−p)s−1

)r−2
+1 = 0, s ≤ smax.

(12)

However, the above equation is hard to solve in a closed form.
The following Lemma (proved in Appendix A) provides an
approximation for the expected normalized number of tests
optimized over the parameter s.

Lemma 2. For a small prevalence rate p, the expected
normalized number of tests optimized over the pool size s,
T ∗(p, r) can be approximated by,

T ∗(p, r) ≈ T̂ (p, r) = T (p, r, ŝ(p, r)), (13)

where

ŝ(p, r) = min
(
smax,

⌊
1 + p−(r−1)/r

⌉)
, (14)

is an approximation for the optimal s∗. The notation b·e
denotes rounding to the nearest integer.

In Figure 3, we compare the approximation T̂ (p, r) in
(13) to the exact T ∗(p, r) (obtained numerically) for different
values of p and r with no constraint on the maximum pool
size smax. We notice that T̂ (p, r) is closer to T ∗(p, r) for
smaller values of p. Moreover for r = 2, T̂ (p, r) is a good
approximation and as r increases the difference between exact
and approximate values increases.

In Figure 4, we compare the optimized expected normal-
ized number of tests T ∗(p, r), i.e., using the optimal value

s∗(p, r) computed numerically, for different values of r and
no constraint on pool size smax. We also compare versus the
lower bound on the optimal expected normalized number of
tests for conservative two-stage group testing presented in [4,
Theorem 5]. We notice that for different ranges of p, exactly
one value of r will give the smallest expected normalized
number of tests. The lower concave hull of the curves from all
values of r gives the optimized expected normalized number
of tests over all values of (r, s) for different values of p,
denoted as T ∗(p). Note that T ∗(p) gives an upper bound on
the optimal two-stage group testing, i.e., T T.S. opt(p) ≤ T ∗(p).
In particular, the optimal r-values, r∗(p) as well as the
corresponding optimal pool size ranges, s∗(p, r), for different
ranges of p can be summarized in Figure 5. We present more
numerical results on optimal parameters for constrained pool
size with two values smax = 16 and 32 in Appendix C.

B. Heterogeneity Aware Two-stage Group testing

We propose the heterogeneity aware approach in which two-
stage group testing is done separately over C different clusters.
For every cluster c, we use the optimal pooling parameters
given in Figure 5 according to the local prevalence pc. The
total number of tests for this scheme is the sum of numbers of
tests of all C clusters. Thus, the expected normalized number
of tests is

∑C
c=1 αcT

∗(pc). Heterogeneity awareness helps in
reducing expected normalized number of tests provided that
the function T ∗(p) is concave, i.e.,

C∑
c=1

αcT
∗(pc) ≤ T ∗

(
C∑
c=1

αcpc

)
= T ∗ (p) .

Figure 4 suggests that the exact T ∗(p) is concave, which
shows the potential of applying heterogeneity aware schemes
to reduce expected normalized number of required tests. Since
T ∗(p) is hard to solve in a closed form, we are unable
to prove its concavity analytically. Lemma 2 suggests that
T̂ (p, r) is a good approximation for T ∗(p, r) when p is small.
In the following Lemma (proved in Appendix B), we give
some theoretical insights by proving that T̂ (p, r) gives some
concavity guarantees for small values of p.

Lemma 3. For small values of prevalence rate p, we can
further approximate T̂ (p, r) as follows,

T̂ (p, r) ≈ (r − 1)p(r−1)/r

1 + p(r−1)/r
+ p+ (1− p)p(r−1)/r,

where the new approximation is concave.

To understand the performance of our proposed scheme, we
derive a lower bound for conservative two-stage heterogeneity
aware group testing. The lower bound is obtained by first
bounding the expected number of tests in Stage 2, T2, which is
a function of the number of tests in Stage 1, T1. The bound for
the minimum normalized number of tests is then minimized
over T1. Our result is summarized in the following Theorem
(proved in Appendix D).

Theorem 1. For a two-stage group testing problem with
a population of N samples that are categorized into C
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<latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit>

prevalence rate p
<latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit>

prevalence rate p
<latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit><latexit sha1_base64="kkNIEReaMtFXSe4viKBmzEKgxz8=">AAAB+3icbVBNT8JAFNziF+JXlaOXjWDiibRc1BvRi0dMrJBAQ7bLK2zYbpvdLUnT4F/x4kGNV/+IN/+NC/Sg4CSbTGbmZd+bIOFMacf5tkobm1vbO+Xdyt7+weGRfXzyqOJUUvBozGPZDYgCzgR4mmkO3UQCiQIOnWByO/c7U5CKxeJBZwn4ERkJFjJKtJEGdtWkp4SDoIAl0YDrSX1g15yGswBeJ25BaqhAe2B/9YcxTSMQmnKiVM91Eu3nRGpGOcwq/VRBQuiEjKBnqCARKD9fLD/D50YZ4jCW5gmNF+rviZxESmVRYJIR0WO16s3F/7xeqsMrP2ciSbU5b/lRmHKsYzxvAg+ZBKp5ZgihkpldMR0TSag2fVVMCe7qyevEazauG+59s9a6Kdooo1N0hi6Qiy5RC92hNvIQRRl6Rq/ozXqyXqx362MZLVnFTBX9gfX5AzYalAQ=</latexit>

(Exact optimized value) (Approximate value) T̂ (p, r)
<latexit sha1_base64="H8NeCROKCFbBHCQvq6LvYfLHXzg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoN6KXjxWaGyhCWWz3bRLN5tldyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvhpl5keRMG9f9dlZW19Y3Nktb5e2d3b39ysHho04zRahPUp6qToQ15UxQ3zDDaUcqipOI03Y0upv67SeqNEtFy4wlDRM8ECxmBBsrBcEQm7w1qclzddarVN26OwNaJl5BqlCg2at8Bf2UZAkVhnCsdddzpQlzrAwjnE7KQaapxGSEB7RrqcAJ1WE+u3mCTq3SR3GqbAmDZurviRwnWo+TyHYm2Az1ojcV//O6mYmvw5wJmRkqyHxRnHFkUjQNAPWZosTwsSWYKGZvRWSIFSbGxlS2IXiLLy8T/6J+U/ceLquN2yKNEhzDCdTAgytowD00wQcCEp7hFd6czHlx3p2PeeuKU8wcwR84nz/CKJEK</latexit><latexit sha1_base64="H8NeCROKCFbBHCQvq6LvYfLHXzg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoN6KXjxWaGyhCWWz3bRLN5tldyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvhpl5keRMG9f9dlZW19Y3Nktb5e2d3b39ysHho04zRahPUp6qToQ15UxQ3zDDaUcqipOI03Y0upv67SeqNEtFy4wlDRM8ECxmBBsrBcEQm7w1qclzddarVN26OwNaJl5BqlCg2at8Bf2UZAkVhnCsdddzpQlzrAwjnE7KQaapxGSEB7RrqcAJ1WE+u3mCTq3SR3GqbAmDZurviRwnWo+TyHYm2Az1ojcV//O6mYmvw5wJmRkqyHxRnHFkUjQNAPWZosTwsSWYKGZvRWSIFSbGxlS2IXiLLy8T/6J+U/ceLquN2yKNEhzDCdTAgytowD00wQcCEp7hFd6czHlx3p2PeeuKU8wcwR84nz/CKJEK</latexit><latexit sha1_base64="H8NeCROKCFbBHCQvq6LvYfLHXzg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoN6KXjxWaGyhCWWz3bRLN5tldyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvhpl5keRMG9f9dlZW19Y3Nktb5e2d3b39ysHho04zRahPUp6qToQ15UxQ3zDDaUcqipOI03Y0upv67SeqNEtFy4wlDRM8ECxmBBsrBcEQm7w1qclzddarVN26OwNaJl5BqlCg2at8Bf2UZAkVhnCsdddzpQlzrAwjnE7KQaapxGSEB7RrqcAJ1WE+u3mCTq3SR3GqbAmDZurviRwnWo+TyHYm2Az1ojcV//O6mYmvw5wJmRkqyHxRnHFkUjQNAPWZosTwsSWYKGZvRWSIFSbGxlS2IXiLLy8T/6J+U/ceLquN2yKNEhzDCdTAgytowD00wQcCEp7hFd6czHlx3p2PeeuKU8wcwR84nz/CKJEK</latexit><latexit sha1_base64="H8NeCROKCFbBHCQvq6LvYfLHXzg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJUkJKIoN6KXjxWaGyhCWWz3bRLN5tldyOU0L/hxYOKV3+NN/+N2zYHbX0w8Hhvhpl5keRMG9f9dlZW19Y3Nktb5e2d3b39ysHho04zRahPUp6qToQ15UxQ3zDDaUcqipOI03Y0upv67SeqNEtFy4wlDRM8ECxmBBsrBcEQm7w1qclzddarVN26OwNaJl5BqlCg2at8Bf2UZAkVhnCsdddzpQlzrAwjnE7KQaapxGSEB7RrqcAJ1WE+u3mCTq3SR3GqbAmDZurviRwnWo+TyHYm2Az1ojcV//O6mYmvw5wJmRkqyHxRnHFkUjQNAPWZosTwsSWYKGZvRWSIFSbGxlS2IXiLLy8T/6J+U/ceLquN2yKNEhzDCdTAgytowD00wQcCEp7hFd6czHlx3p2PeeuKU8wcwR84nz/CKJEK</latexit>

T ⇤(p, r)
<latexit sha1_base64="G0BDYcxQtro3B56wqAGQA1jSl6w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahipREBPVW9OKxQmMLbSyb7aZdutnE3Y1QQv+EFw8qXv093vw3btoctPXBwOO9GWbm+TFnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80U3mt56oVCwSTT2OqRfigWABI1gbqd18OKnGp/K4V67YNXsKtEicnFQgR6NX/ur2I5KEVGjCsVIdx461l2KpGeF0UuomisaYjPCAdgwVOKTKS6f3TtCRUfooiKQpodFU/T2R4lCpceibzhDroZr3MvE/r5Po4NJLmYgTTQWZLQoSjnSEsudRn0lKNB8bgolk5lZEhlhiok1EJROCM//yInHPalc15+68Ur/O0yjCARxCFRy4gDrcQgNcIMDhGV7hzXq0Xqx362PWWrDymX34A+vzBwkPjtk=</latexit><latexit sha1_base64="G0BDYcxQtro3B56wqAGQA1jSl6w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahipREBPVW9OKxQmMLbSyb7aZdutnE3Y1QQv+EFw8qXv093vw3btoctPXBwOO9GWbm+TFnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80U3mt56oVCwSTT2OqRfigWABI1gbqd18OKnGp/K4V67YNXsKtEicnFQgR6NX/ur2I5KEVGjCsVIdx461l2KpGeF0UuomisaYjPCAdgwVOKTKS6f3TtCRUfooiKQpodFU/T2R4lCpceibzhDroZr3MvE/r5Po4NJLmYgTTQWZLQoSjnSEsudRn0lKNB8bgolk5lZEhlhiok1EJROCM//yInHPalc15+68Ur/O0yjCARxCFRy4gDrcQgNcIMDhGV7hzXq0Xqx362PWWrDymX34A+vzBwkPjtk=</latexit><latexit sha1_base64="G0BDYcxQtro3B56wqAGQA1jSl6w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahipREBPVW9OKxQmMLbSyb7aZdutnE3Y1QQv+EFw8qXv093vw3btoctPXBwOO9GWbm+TFnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80U3mt56oVCwSTT2OqRfigWABI1gbqd18OKnGp/K4V67YNXsKtEicnFQgR6NX/ur2I5KEVGjCsVIdx461l2KpGeF0UuomisaYjPCAdgwVOKTKS6f3TtCRUfooiKQpodFU/T2R4lCpceibzhDroZr3MvE/r5Po4NJLmYgTTQWZLQoSjnSEsudRn0lKNB8bgolk5lZEhlhiok1EJROCM//yInHPalc15+68Ur/O0yjCARxCFRy4gDrcQgNcIMDhGV7hzXq0Xqx362PWWrDymX34A+vzBwkPjtk=</latexit><latexit sha1_base64="G0BDYcxQtro3B56wqAGQA1jSl6w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahipREBPVW9OKxQmMLbSyb7aZdutnE3Y1QQv+EFw8qXv093vw3btoctPXBwOO9GWbm+TFnStv2t1VYWl5ZXSuulzY2t7Z3yrt79ypKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80U3mt56oVCwSTT2OqRfigWABI1gbqd18OKnGp/K4V67YNXsKtEicnFQgR6NX/ur2I5KEVGjCsVIdx461l2KpGeF0UuomisaYjPCAdgwVOKTKS6f3TtCRUfooiKQpodFU/T2R4lCpceibzhDroZr3MvE/r5Po4NJLmYgTTQWZLQoSjnSEsudRn0lKNB8bgolk5lZEhlhiok1EJROCM//yInHPalc15+68Ur/O0yjCARxCFRy4gDrcQgNcIMDhGV7hzXq0Xqx362PWWrDymX34A+vzBwkPjtk=</latexit>
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<latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit>

Fig. 3: Exact vs approximate value of T̄ ∗(p, r) versus p for different values of r.

r "
<latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit><latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit><latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit><latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit>

T ⇤(p)
<latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit><latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit><latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit><latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit>

T ⇤(p, r = 20)
<latexit sha1_base64="HY9Jmz5+Brjaj58wEElv2GUF2zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQRUpSBPUgFL14rNDYQhrLZrtpl252w+5GKKE/w4sHFa/+G2/+G7dtDlp9MPB4b4aZeWHCqNKO82UVlpZXVteK66WNza3tnfLu3r0SqcTEw4IJ2QmRIoxy4mmqGekkkqA4ZKQdjm6mfvuRSEUFb+lxQoIYDTiNKEbaSH7r4aSanMqrunPcK1ecmjOD/Ze4OalAjmav/NntC5zGhGvMkFK+6yQ6yJDUFDMyKXVTRRKER2hAfEM5iokKstnJE/vIKH07EtIU1/ZM/TmRoVipcRyazhjpoVr0puJ/np/q6CLIKE9STTieL4pSZmthT/+3+1QSrNnYEIQlNbfaeIgkwtqkVDIhuIsv/yVevXZZc+/OKo3rPI0iHMAhVMGFc2jALTTBAwwCnuAFXi1tPVtv1vu8tWDlM/vwC9bHN2/Vj5Y=</latexit><latexit sha1_base64="HY9Jmz5+Brjaj58wEElv2GUF2zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQRUpSBPUgFL14rNDYQhrLZrtpl252w+5GKKE/w4sHFa/+G2/+G7dtDlp9MPB4b4aZeWHCqNKO82UVlpZXVteK66WNza3tnfLu3r0SqcTEw4IJ2QmRIoxy4mmqGekkkqA4ZKQdjm6mfvuRSEUFb+lxQoIYDTiNKEbaSH7r4aSanMqrunPcK1ecmjOD/Ze4OalAjmav/NntC5zGhGvMkFK+6yQ6yJDUFDMyKXVTRRKER2hAfEM5iokKstnJE/vIKH07EtIU1/ZM/TmRoVipcRyazhjpoVr0puJ/np/q6CLIKE9STTieL4pSZmthT/+3+1QSrNnYEIQlNbfaeIgkwtqkVDIhuIsv/yVevXZZc+/OKo3rPI0iHMAhVMGFc2jALTTBAwwCnuAFXi1tPVtv1vu8tWDlM/vwC9bHN2/Vj5Y=</latexit><latexit sha1_base64="HY9Jmz5+Brjaj58wEElv2GUF2zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQRUpSBPUgFL14rNDYQhrLZrtpl252w+5GKKE/w4sHFa/+G2/+G7dtDlp9MPB4b4aZeWHCqNKO82UVlpZXVteK66WNza3tnfLu3r0SqcTEw4IJ2QmRIoxy4mmqGekkkqA4ZKQdjm6mfvuRSEUFb+lxQoIYDTiNKEbaSH7r4aSanMqrunPcK1ecmjOD/Ze4OalAjmav/NntC5zGhGvMkFK+6yQ6yJDUFDMyKXVTRRKER2hAfEM5iokKstnJE/vIKH07EtIU1/ZM/TmRoVipcRyazhjpoVr0puJ/np/q6CLIKE9STTieL4pSZmthT/+3+1QSrNnYEIQlNbfaeIgkwtqkVDIhuIsv/yVevXZZc+/OKo3rPI0iHMAhVMGFc2jALTTBAwwCnuAFXi1tPVtv1vu8tWDlM/vwC9bHN2/Vj5Y=</latexit><latexit sha1_base64="HY9Jmz5+Brjaj58wEElv2GUF2zI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BItQRUpSBPUgFL14rNDYQhrLZrtpl252w+5GKKE/w4sHFa/+G2/+G7dtDlp9MPB4b4aZeWHCqNKO82UVlpZXVteK66WNza3tnfLu3r0SqcTEw4IJ2QmRIoxy4mmqGekkkqA4ZKQdjm6mfvuRSEUFb+lxQoIYDTiNKEbaSH7r4aSanMqrunPcK1ecmjOD/Ze4OalAjmav/NntC5zGhGvMkFK+6yQ6yJDUFDMyKXVTRRKER2hAfEM5iokKstnJE/vIKH07EtIU1/ZM/TmRoVipcRyazhjpoVr0puJ/np/q6CLIKE9STTieL4pSZmthT/+3+1QSrNnYEIQlNbfaeIgkwtqkVDIhuIsv/yVevXZZc+/OKo3rPI0iHMAhVMGFc2jALTTBAwwCnuAFXi1tPVtv1vu8tWDlM/vwC9bHN2/Vj5Y=</latexit>

Lower Bound<latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit><latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit><latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit><latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit>

T ⇤(p, r = 1)
<latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit>

T ⇤(p, r = 2)
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Fig. 4: T ∗(p, r) versus the lower bound as a function of the
prevalence p for different values of r.

clusters, with population fraction α and local prevalence p, the
minimum normalized tests needed using conservative model is
lower bounded by the following two bounds,

1. T T.S. opt(p, α) ≥ 1

f(smax, p, α)
(1 + ln f(smax, p, α)) ,

2. T T.S. opt(p, α) ≥
C∑
c=1

pcαc

+
1

g(smax, p, α)

(
C∑
c=1

αc ln(1− pc) + ln g(smax, p, α) + 1

)
,

where f(smax, p, α) and g(smax, p, α) are defined in (15) and
(16). smax denotes the maximum allowed pool size. The ranges
of average prevalence rate p that these bounds dominate
depend on α and p. The final lower bound can be obtained
by taking the maximum of the two bounds above.

The idea behind the bounds in Theorem 1 is similar to
that of Lemma 1. However, as mentioned above, we need
to keep track of the number of samples from each cluster
in each pool since the probability of a pool being positive

requires us to know the exact composition of the pool. This
is particular important for Bound 2 in Theorem 1 due to the
fact that we are working with the conditional probability. We
need to know which cluster that the sample we conditioned
on comes from. We remark here that the lower bounds in
Lemma 1 are obtained under the assumption of a homogeneous
population with i.i.d. samples. Therefore, Lemma 1 is not
directly applicable to our heterogeneous population model,
where samples are only i.i.d. within each cluster. In fact, the
second and third bounds in Lemma 1 are special cases of
Bounds 1 and 2 in Theorem 1 when pc = p for c ∈ [1 : C]
and smax = N . Moreover, to add practicality, our lower bound
in Theorem 1 imposes the pool size constraint. However, the
effect of having constrained maximum number of tests per
sample rmax is not reflected in our lower bound and is a
subject for future research.

V. NUMERICAL SIMULATIONS AND COMPARISONS

In this section, we present numerical simulation results to
show (a) the benefit of exploiting the heterogeneity knowl-
edge; (b) comparison between different pooling methods
with/without heterogeneity knowledge; (c) comparison be-
tween heterogeneity aware and unaware schemes with the
corresponding lower bounds; (d) the impact of constraining
the pooling parameters, i.e., maximum pool size and maximum
tests per sample rmax; (e) impact of the accuracy of prevalence
estimation; and (f) impact of the number of clusters and
fineness of heterogeneity knowledge.

For our simulations, we assume a heterogeneity model
such that the population is divided into C = 3 clus-
ters. For ease of presentation, we assume the prevalence
in clusters (pL, pM , pH) scales with the average prevalence
p, e.g., (pLp ,

pM
p ,

pH
p ) = (cL, cM , cH). The constant vector

(cL, cM , cH) indicates the level of heterogeneity. We also pick
values (αL, αM , αH) that satisfies αL + αM + αH = 1,
0 ≤ αL, αM , αH ≤ 1 and αLcL+αMcM +αHcH = 1 where
the latter constraint follows directly from (1). In particular, for
low (medium and high, respectively) heterogeneity, we use
population fraction values (αL, αM , αH) = (0.6, 0.22, 0.18)
((0.6, 0.22, 0.18) and (0.6, 0.29, 0.11), respectively). We as-
sume that the population fraction values follow the trend
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Prevalence Tests per Pool size Required
range p sample r∗(p) s∗(p, r) tests T ∗(p)

[0.307, 1] 1 1 1
[0.121, 0.307) 2 [3 : 4] [0.654, 1]
[0.064, 0.121) 3 [6 : 8] [0.440, 0.654)
[0.036, 0.064) 4 [11 : 16] [0.294, 0.440)
[0.019, 0.036) 5 [21 : 33] [0.181, 0.294)
[0.01, 0.019) 6 [40 : 64] [0.110, 0.181)
[0.005, 0.01) 7 [75 : 126] [0.064, 0.110)

[0, 0.005) > 8 > 145 < 0.064

Fig. 5: Optimal parameters (r∗, s∗) for doubly constant pool-
ing and corresponding normalized tests per sample, for differ-
ent prevalence rates p.

αL ≥ αM ≥ αH . This assumption can be justified, for
instance, in a pandemic scenario as follows: we expect a
small group of the population who are front-line workers
such as healthcare workers to have a higher chance of being
infected. There may also be other essential workers who need
to be in contact with other people, forming the medium-risk
group, while a large fraction of population (low-risk) is able
to socially distance more effectively at home, and may have
a lower chance of being infected. We note that one way
to quantify the level of heterogeneity is by evaluating the
following function,

HLevel = |cM − cL|+ |cH − cM |.
In the following comparisons, we refer the vector
(cL, cM , cH) = (0.7, 1.0, 2.0) as low heterogeneity, the vector
(cL, cM , cH) = (0.1, 1.0, 4.0) as medium heterogeneity and
(cL, cM , cH) = (0.05, 1.0, 6.0) as high heterogeneity.
• Comparison between pooling algorithms: In Figure 6, we
compare four different pooling algorithms, namely Bernoulli,
constant tests per sample, Dorfman’s, and doubly constant. We
assume there are no pooling constraints. We further assume 3
values for average prevalence rate, p = 5%, p = 10%, and
p = 15%. It can be seen that, except doubly constant, the
performances of other pooling algorithms changes for different
heterogeneity profiles. For instance, for low heterogeneity
profile, Dorfman always outperforms Bernoulli, and for high
heterogeneity, the opposite is true. Also, constant tests per
sample always outperforms Bernoulli algorithm. However, the
performance of doubly constant is consistently the best among
all four pooling algorithms for different heterogeneity levels
and different prevalence rates.
• Achieved performance versus lower bounds: Next, we
show how far the achieved performance is from optimality

for different population prevalence rates. In Figure 7, we
compare the average number of tests per sample between
heterogeneity unaware scheme and low, medium and high
heterogeneity aware schemes versus the corresponding lower
bounds obtained from Theorem 1 and [4, Theorem 5]. We use
the optimal value of pool size s∗(p, r) computed numerically
using (12). Moreover, we use the optimal value of number of
tests per sample, r∗(p), using Figure 5. We assume there are
no pooling constraints.

It can be seen that the heterogeneity knowledge reduces
the average number of tests per sample even when the
heterogeneity is low. As the heterogeneity level increases,
we see a larger reduction in the number of tests. Note that
the curves for medium and high heterogeneity are cut off
due to the fact that the local prevalence rates will not be a
valid probability when the average prevalence rates exceed
certain values for their respective heterogeneity profile. For
example, high heterogeneity has a cH = 6 for the high-
risk cluster. Therefore, the average prevalence rate p cannot
exceed pH/cH ≤ 1/6. We also note that for the curve for low
heterogeneity, Bound 2 dominates for p < 0.351, and Bound
1 dominates for 0.351 ≤ p ≤ 0.5.
• Constrained Pool Size and Maximum Number of Tests
per Sample: In Figure 8, we show the impact of introducing a
constraint on maximum number of tests per sample, rmax. We
use the optimal value of number of tests per sample, r∗(p),
using Figure 5 such that r does not exceed a predetermined
values, rmax = 2, 4, 6, 8, and 10, i.e., r = min(rmax, r

∗(p)). It
can be seen that the reductions in average total tests diminish
as the restriction on number of tests per sample loosens. This
result suggests that our two-stage testing algorithm requires
only small maximum number of tests per sample, rmax. In
particular, our analysis shows that increasing rmax beyond 4
does not have a significant improvement in reducing number
of required tests.

In Figure 9, we show the impact of imposing the maximum
pool size constraint. In particular, we consider three cases for
maximum pooling constraint namely, unbounded, smax = 32
and rmax = 16 and compare the required number of tests
versus the corresponding lower bounds. For each population,
we use the optimal pooling parameters given by the Figures 5,
15, and 16. This result shows that we still can achieve
reduction in number of required tests using group testing while
considering practical constraints on maximum pool size.
• Accuracy of Prevalence Estimation: In Figure 10, we
show the impact of prevalence estimation error on the ex-
pected normalized number of tests for high heterogeneity. The

f(smax, p, α) = − min
w∈[2:smax], w(c)∈[0:min{w,αcN}]∑C

c=1 w
(c)=w

w ln

1−
∏

c∈[1:C]

(1− pc)w
(c)

 . (15)

g(smax, p, α) = − min
w∈[2:smax], w(c)∈[0:min{w,αcN}]∑C

c=1 w
(c)=w

{
C∑
c=1

w(c) ln

(
1− (1− pc)w

(c)−1(1− min
i∈[1:C]

pi)
w−w(c)

)}
. (16)
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p = 10%
<latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit><latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit><latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit><latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit>

p = 5%
<latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit><latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit><latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit><latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit>

p = 15%
<latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit><latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit><latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit><latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit>
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p = 10%
<latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit><latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit><latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit><latexit sha1_base64="oYaP/9PsHvHgfjdLiJHi7qxxSYo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LJaCp5KIoB6EohePFYwttKFsttt26WYTdydCCf0TXjyoePX3ePPfuG1z0NYHA4/3ZpiZFyZSGHTdb6ewsrq2vlHcLG1t7+zulfcPHkycasZ9FstYt0JquBSK+yhQ8laiOY1CyZvh6GbqN5+4NiJW9zhOeBDRgRJ9wShaqZWQK+K5nWq3XHFr7gxkmXg5qUCORrf81enFLI24QiapMW3PTTDIqEbBJJ+UOqnhCWUjOuBtSxWNuAmy2b0TUrVKj/RjbUshmam/JzIaGTOOQtsZURyaRW8q/ue1U+xfBJlQSYpcsfmifioJxmT6POkJzRnKsSWUaWFvJWxINWVoIyrZELzFl5eJf1q7rHl3Z5X6dZ5GEY7gGE7Ag3Oowy00wAcGEp7hFd6cR+fFeXc+5q0FJ585hD9wPn8AZICObQ==</latexit>

p = 5%
<latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit><latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit><latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit><latexit sha1_base64="HpGLD82v5JrJ3pJxTBXh3S+oCvU=">AAAB7XicbVBNS8NAEJ3Ur1q/oh69LJaCp5KIoh6EohePFYwttKFstpt26Waz7G6EEvojvHhQ8er/8ea/cdvmoK0PBh7vzTAzL5KcaeN5305pZXVtfaO8Wdna3tndc/cPHnWaKUIDkvJUtSOsKWeCBoYZTttSUZxEnLai0e3Ubz1RpVkqHsxY0jDBA8FiRrCxUkuia3TerfXcqlf3ZkDLxC9IFQo0e+5Xt5+SLKHCEI617vieNGGOlWGE00mlm2kqMRnhAe1YKnBCdZjPzp2gmlX6KE6VLWHQTP09keNE63ES2c4Em6Fe9Kbif14nM/FlmDMhM0MFmS+KM45Miqa/oz5TlBg+tgQTxeytiAyxwsTYhCo2BH/x5WUSnNav6v79WbVxU6RRhiM4hhPw4QIacAdNCIDACJ7hFd4c6bw4787HvLXkFDOH8AfO5w/7iI43</latexit>

p = 15%
<latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit><latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit><latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit><latexit sha1_base64="o1wg33CuYSILiprFzkKfS7bmlhY=">AAAB7nicbVBNS8NAEJ34WetX1aOXxVLwVBJR1INQ9OKxgrGFNpTNdtIu3Wzi7kYooX/CiwcVr/4eb/4btx8HbX0w8Hhvhpl5YSq4Nq777Swtr6yurRc2iptb2zu7pb39B51kiqHPEpGoZkg1Ci7RN9wIbKYKaRwKbISDm7HfeEKleSLvzTDFIKY9ySPOqLFSMyVXxDtrVzqlslt1JyCLxJuRMsxQ75S+2t2EZTFKwwTVuuW5qQlyqgxnAkfFdqYxpWxAe9iyVNIYdZBP7h2RilW6JEqULWnIRP09kdNY62Ec2s6Ymr6e98bif14rM9FFkHOZZgYlmy6KMkFMQsbPky5XyIwYWkKZ4vZWwvpUUWZsREUbgjf/8iLxT6qXVe/utFy7nqVRgEM4gmPw4BxqcAt18IGBgGd4hTfn0Xlx3p2PaeuSM5s5gD9wPn8AbBmOcg==</latexit>
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Fig. 6: Comparison of heterogeneity aware pooling algorithms used in stage 1, with different heterogeneity levels and average
prevalence values, p = 5%, p = 10%, and p = 15%. While different algorithms give varying performance for different
heterogeneity profiles, doubly constant is consistently achieving best performance.
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Fig. 7: Comparison between Heterogeneity unaware, low,
medium and high heterogeneity schemes with optimal pool
size s∗(p, r) and tests per sample r∗(p). Lower bounds are
also shown as a function of the heterogeneity profile.

pooling parameters for each cluster can be found in Figure
5. It can be seen that the expected normalized number of
tests is minimized whenever the estimation is correct (i.e.,
along the diagonal in the matrix). In addition, we can see
that underestimation of prevalence rate is more severe than
overestimation in terms of the total number of tests. This is due
to the fact that when we underestimate p, we will group more
samples in a pool during Stage 1. However, the fact that more
positive samples are presented than expected results in more
positive pools. Hence, we need to perform more individual
testing in Stage 2. For these values of true p, estimating them
to be 0.07 and 0.08 does not change the optimal pooling
parameters since the local prevalence rates for each cluster
when p = 0.07 and 0.08 fall in the same range in Figure 5,
e.g., pM = 0.07 for p = 0.07 and 0.08 for p = 0.08, and both
results in r = 3 and s ∈ [6 : 8].
• Impact of the number of clusters C and fineness
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rmax = 6
<latexit sha1_base64="hMn1rCMxZeWdD21V0RsmMPDCgHo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DgIRS8eKxhbaELZbDft0t1N2N2IJfRvePGg4tVf481/47bNQVsfDDzem2FmXpRypo3rfjulpeWV1bXyemVjc2t7p7q796CTTBHqk4Qnqh1hTTmT1DfMcNpOFcUi4rQVDW8mfuuRKs0SeW9GKQ0F7ksWM4KNlQLVzQOBn8boCp11qzW37k6BFolXkBoUaHarX0EvIZmg0hCOte54bmrCHCvDCKfjSpBpmmIyxH3asVRiQXWYT28eoyOr9FCcKFvSoKn6eyLHQuuRiGynwGag572J+J/XyUx8EeZMppmhkswWxRlHJkGTAFCPKUoMH1mCiWL2VkQGWGFibEwVG4I3//Ii8U/ql3Xv7rTWuC7SKMMBHMIxeHAODbiFJvhAIIVneIU3J3NenHfnY9ZacoqZffgD5/MHiX+Q5A==</latexit><latexit sha1_base64="hMn1rCMxZeWdD21V0RsmMPDCgHo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DgIRS8eKxhbaELZbDft0t1N2N2IJfRvePGg4tVf481/47bNQVsfDDzem2FmXpRypo3rfjulpeWV1bXyemVjc2t7p7q796CTTBHqk4Qnqh1hTTmT1DfMcNpOFcUi4rQVDW8mfuuRKs0SeW9GKQ0F7ksWM4KNlQLVzQOBn8boCp11qzW37k6BFolXkBoUaHarX0EvIZmg0hCOte54bmrCHCvDCKfjSpBpmmIyxH3asVRiQXWYT28eoyOr9FCcKFvSoKn6eyLHQuuRiGynwGag572J+J/XyUx8EeZMppmhkswWxRlHJkGTAFCPKUoMH1mCiWL2VkQGWGFibEwVG4I3//Ii8U/ql3Xv7rTWuC7SKMMBHMIxeHAODbiFJvhAIIVneIU3J3NenHfnY9ZacoqZffgD5/MHiX+Q5A==</latexit><latexit sha1_base64="hMn1rCMxZeWdD21V0RsmMPDCgHo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DgIRS8eKxhbaELZbDft0t1N2N2IJfRvePGg4tVf481/47bNQVsfDDzem2FmXpRypo3rfjulpeWV1bXyemVjc2t7p7q796CTTBHqk4Qnqh1hTTmT1DfMcNpOFcUi4rQVDW8mfuuRKs0SeW9GKQ0F7ksWM4KNlQLVzQOBn8boCp11qzW37k6BFolXkBoUaHarX0EvIZmg0hCOte54bmrCHCvDCKfjSpBpmmIyxH3asVRiQXWYT28eoyOr9FCcKFvSoKn6eyLHQuuRiGynwGag572J+J/XyUx8EeZMppmhkswWxRlHJkGTAFCPKUoMH1mCiWL2VkQGWGFibEwVG4I3//Ii8U/ql3Xv7rTWuC7SKMMBHMIxeHAODbiFJvhAIIVneIU3J3NenHfnY9ZacoqZffgD5/MHiX+Q5A==</latexit><latexit sha1_base64="hMn1rCMxZeWdD21V0RsmMPDCgHo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/DgIRS8eKxhbaELZbDft0t1N2N2IJfRvePGg4tVf481/47bNQVsfDDzem2FmXpRypo3rfjulpeWV1bXyemVjc2t7p7q796CTTBHqk4Qnqh1hTTmT1DfMcNpOFcUi4rQVDW8mfuuRKs0SeW9GKQ0F7ksWM4KNlQLVzQOBn8boCp11qzW37k6BFolXkBoUaHarX0EvIZmg0hCOte54bmrCHCvDCKfjSpBpmmIyxH3asVRiQXWYT28eoyOr9FCcKFvSoKn6eyLHQuuRiGynwGag572J+J/XyUx8EeZMppmhkswWxRlHJkGTAFCPKUoMH1mCiWL2VkQGWGFibEwVG4I3//Ii8U/ql3Xv7rTWuC7SKMMBHMIxeHAODbiFJvhAIIVneIU3J3NenHfnY9ZacoqZffgD5/MHiX+Q5A==</latexit>

Average Prevalence Rate (p)
<latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit>
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<latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit>

rmax = 8
<latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="FdZ1GTjiI8LTGomzW9lFhMYAPWM=">AAAB5XicbZDNSgMxFIXv1L9aq1a3boJFcFVm3KgLQXDjsoJji+1QMmmmDU0yQ3JHLEPfwo0LFV/JnW9j+rPQ1gOBj3MScu+JMyks+v63V1pb39jcKm9Xdqq7e/u1g+qDTXPDeMhSmZp2TC2XQvMQBUrezgynKpa8FY9upnnriRsrUn2P44xHig60SASj6KxH0yu6ij5Pri56tbrf8GciqxAsoA4LNXu1r24/ZbniGpmk1nYCP8OooAYFk3xS6eaWZ5SN6IB3HGqquI2K2cQTcuKcPklS445GMnN/vyiosnasYndTURza5Wxq/pd1ckwuokLoLEeu2fyjJJcEUzJdn/SF4Qzl2AFlRrhZCRtSQxm6kiquhGB55VUIzxqXjeDOhzIcwTGcQgDncA230IQQGGh4gTd496z36n3M2yp5i9oO4Y+8zx+fxY83</latexit><latexit sha1_base64="FdZ1GTjiI8LTGomzW9lFhMYAPWM=">AAAB5XicbZDNSgMxFIXv1L9aq1a3boJFcFVm3KgLQXDjsoJji+1QMmmmDU0yQ3JHLEPfwo0LFV/JnW9j+rPQ1gOBj3MScu+JMyks+v63V1pb39jcKm9Xdqq7e/u1g+qDTXPDeMhSmZp2TC2XQvMQBUrezgynKpa8FY9upnnriRsrUn2P44xHig60SASj6KxH0yu6ij5Pri56tbrf8GciqxAsoA4LNXu1r24/ZbniGpmk1nYCP8OooAYFk3xS6eaWZ5SN6IB3HGqquI2K2cQTcuKcPklS445GMnN/vyiosnasYndTURza5Wxq/pd1ckwuokLoLEeu2fyjJJcEUzJdn/SF4Qzl2AFlRrhZCRtSQxm6kiquhGB55VUIzxqXjeDOhzIcwTGcQgDncA230IQQGGh4gTd496z36n3M2yp5i9oO4Y+8zx+fxY83</latexit><latexit sha1_base64="YUtIAeWhTBQTDA5B2wVgKAXPIz8=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m8WA9C0YvHCsYW21A22027dHcTdjdiCf0XXjyoePXnePPfuGlz0NYHA4/3ZpiZFyacaeO6305pZXVtfaO8Wdna3tndq+4f3Os4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9SpVks78wkoYHAQ8kiRrCx0oPqZz2Bn6aXjX615tbdGdAy8QpSgwKtfvWrN4hJKqg0hGOtu56bmCDDyjDC6bTSSzVNMBnjIe1aKrGgOshmF0/RiVUGKIqVLWnQTP09kWGh9USEtlNgM9KLXi7+53VTEzWCjMkkNVSS+aIo5cjEKH8fDZiixPCJJZgoZm9FZIQVJsaGVLEheIsvLxP/rH5R927dWvOqSKMMR3AMp+DBOTThBlrgAwEJz/AKb452Xpx352PeWnKKmUP4A+fzB9j3kI4=</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit><latexit sha1_base64="8/hEi9J6vJ/csydckooVS9YXngc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVofUgFL14rODaYruUbJptQ5PskmTFsvRfePGg4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/cK/jVBHqk5jHqh1iTTmT1DfMcNpOFMUi5LQVjq6nfuuRKs1ieWfGCQ0EHkgWMYKNlR5UL+sK/DS5rPfKFbfqzoCWiZeTCuRo9spf3X5MUkGlIRxr3fHcxAQZVoYRTielbqppgskID2jHUokF1UE2u3iCTqzSR1GsbEmDZurviQwLrccitJ0Cm6Fe9Kbif14nNVE9yJhMUkMlmS+KUo5MjKbvoz5TlBg+tgQTxeytiAyxwsTYkEo2BG/x5WXin1Uvqt7teaVxladRhCM4hlPwoAYNuIEm+EBAwjO8wpujnRfn3fmYtxacfOYQ/sD5/AHaN5CS</latexit>

rmax = 10
<latexit sha1_base64="iaR5R6A7DRQ6iCGZG6QWad1n4QM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1IMQ9OIxgmsCyRJmJ7PJkHksM71iWPIZXjyoePVvvPk3TpI9aGJBQ1HVTXdXnApuwfe/vaXlldW19dJGeXNre2e3srf/YHVmKAupFtq0YmKZ4IqFwEGwVmoYkbFgzXh4M/Gbj8xYrtU9jFIWSdJXPOGUgJPappt3JHkaXwV+t1L1a/4UeJEEBamiAo1u5avT0zSTTAEVxNp24KcQ5cQAp4KNy53MspTQIemztqOKSGajfHryGB87pYcTbVwpwFP190ROpLUjGbtOSWBg572J+J/XziC5iHKu0gyYorNFSSYwaDz5H/e4YRTEyBFCDXe3YjoghlBwKZVdCMH8y4skPK1d1oK7s2r9ukijhA7RETpBATpHdXSLGihEFGn0jF7Rmwfei/fufcxal7xi5gD9gff5A0EPkMU=</latexit><latexit sha1_base64="iaR5R6A7DRQ6iCGZG6QWad1n4QM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1IMQ9OIxgmsCyRJmJ7PJkHksM71iWPIZXjyoePVvvPk3TpI9aGJBQ1HVTXdXnApuwfe/vaXlldW19dJGeXNre2e3srf/YHVmKAupFtq0YmKZ4IqFwEGwVmoYkbFgzXh4M/Gbj8xYrtU9jFIWSdJXPOGUgJPappt3JHkaXwV+t1L1a/4UeJEEBamiAo1u5avT0zSTTAEVxNp24KcQ5cQAp4KNy53MspTQIemztqOKSGajfHryGB87pYcTbVwpwFP190ROpLUjGbtOSWBg572J+J/XziC5iHKu0gyYorNFSSYwaDz5H/e4YRTEyBFCDXe3YjoghlBwKZVdCMH8y4skPK1d1oK7s2r9ukijhA7RETpBATpHdXSLGihEFGn0jF7Rmwfei/fufcxal7xi5gD9gff5A0EPkMU=</latexit><latexit sha1_base64="iaR5R6A7DRQ6iCGZG6QWad1n4QM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1IMQ9OIxgmsCyRJmJ7PJkHksM71iWPIZXjyoePVvvPk3TpI9aGJBQ1HVTXdXnApuwfe/vaXlldW19dJGeXNre2e3srf/YHVmKAupFtq0YmKZ4IqFwEGwVmoYkbFgzXh4M/Gbj8xYrtU9jFIWSdJXPOGUgJPappt3JHkaXwV+t1L1a/4UeJEEBamiAo1u5avT0zSTTAEVxNp24KcQ5cQAp4KNy53MspTQIemztqOKSGajfHryGB87pYcTbVwpwFP190ROpLUjGbtOSWBg572J+J/XziC5iHKu0gyYorNFSSYwaDz5H/e4YRTEyBFCDXe3YjoghlBwKZVdCMH8y4skPK1d1oK7s2r9ukijhA7RETpBATpHdXSLGihEFGn0jF7Rmwfei/fufcxal7xi5gD9gff5A0EPkMU=</latexit><latexit sha1_base64="iaR5R6A7DRQ6iCGZG6QWad1n4QM=">AAAB8XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R1IMQ9OIxgmsCyRJmJ7PJkHksM71iWPIZXjyoePVvvPk3TpI9aGJBQ1HVTXdXnApuwfe/vaXlldW19dJGeXNre2e3srf/YHVmKAupFtq0YmKZ4IqFwEGwVmoYkbFgzXh4M/Gbj8xYrtU9jFIWSdJXPOGUgJPappt3JHkaXwV+t1L1a/4UeJEEBamiAo1u5avT0zSTTAEVxNp24KcQ5cQAp4KNy53MspTQIemztqOKSGajfHryGB87pYcTbVwpwFP190ROpLUjGbtOSWBg572J+J/XziC5iHKu0gyYorNFSSYwaDz5H/e4YRTEyBFCDXe3YjoghlBwKZVdCMH8y4skPK1d1oK7s2r9ukijhA7RETpBATpHdXSLGihEFGn0jF7Rmwfei/fufcxal7xi5gD9gff5A0EPkMU=</latexit>
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Fig. 8: Average number of tests per sample with medium
heterogeneity with optimal pool size s∗(p, r) and tests per
sample r∗(p) such that the maximum number of tests per
sample, rmax, is restricted to three values 2, 4, 6, 8 and 10.

of heterogeneity knowledge: With finer heterogeneity
knowledge, one can form clusters more intelligently. For
example, one can form more clusters, or have various choices
of prevalence threshold for the clusters for a fixed C. In
Figure 12, we show the impact of varying C. Specifically,
we look at cases where C = 1, 3 and 6, with C = 1 being
heterogeneity unaware and knowing only the prevalence rate
of the entire population, C = 3 being heterogeneity aware
and having coarser knowledge of prevalence rates, and C = 6
being heterogeneity aware and having finer knowledge of
prevalence rates. For C = 6, the population fraction values
are (α1, α2, α3, α4, α5, α6) = (0.3, 0.25, 0.2, 0.15, 0.07, 0.03)
and the prevalence rates for the clusters are
(p1, p2, p3, p4, p5, p6) = (0.005, 0.04, 0.1, 0.16, 0.24, 0.42).
For C = 3, we form the low (medium/high) risk cluster
using the populations of cluster 1, 2 and 3 (cluster 4 and
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<latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit>

smax = 16
<latexit sha1_base64="e+cRsT4GUx3QhA+p9Iz70Fu0yF0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kV8eMgFL14rODaQruUbJptQ5PsmmSLZenv8OJBxat/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVTPEmnImqW+Y4bSZKIpFyGkjHNxM/MaQKs1ieW9GCQ0E7kkWMYKNlQLdydoCP43RlXeGOuWKW3WnQIvEy0kFctQ75a92NyapoNIQjrVueW5iggwrwwin41I71TTBZIB7tGWpxILqIJsePUZHVumiKFa2pEFT9fdEhoXWIxHaToFNX897E/E/r5Wa6CLImExSQyWZLYpSjkyMJgmgLlOUGD6yBBPF7K2I9LHCxNicSjYEb/7lReKfVC+r3t1ppXadp1GEAziEY/DgHGpwC3XwgcAjPMMrvDlD58V5dz5mrQUnn9mHP3A+fwD+WpEg</latexit><latexit sha1_base64="e+cRsT4GUx3QhA+p9Iz70Fu0yF0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kV8eMgFL14rODaQruUbJptQ5PsmmSLZenv8OJBxat/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVTPEmnImqW+Y4bSZKIpFyGkjHNxM/MaQKs1ieW9GCQ0E7kkWMYKNlQLdydoCP43RlXeGOuWKW3WnQIvEy0kFctQ75a92NyapoNIQjrVueW5iggwrwwin41I71TTBZIB7tGWpxILqIJsePUZHVumiKFa2pEFT9fdEhoXWIxHaToFNX897E/E/r5Wa6CLImExSQyWZLYpSjkyMJgmgLlOUGD6yBBPF7K2I9LHCxNicSjYEb/7lReKfVC+r3t1ppXadp1GEAziEY/DgHGpwC3XwgcAjPMMrvDlD58V5dz5mrQUnn9mHP3A+fwD+WpEg</latexit><latexit sha1_base64="e+cRsT4GUx3QhA+p9Iz70Fu0yF0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kV8eMgFL14rODaQruUbJptQ5PsmmSLZenv8OJBxat/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVTPEmnImqW+Y4bSZKIpFyGkjHNxM/MaQKs1ieW9GCQ0E7kkWMYKNlQLdydoCP43RlXeGOuWKW3WnQIvEy0kFctQ75a92NyapoNIQjrVueW5iggwrwwin41I71TTBZIB7tGWpxILqIJsePUZHVumiKFa2pEFT9fdEhoXWIxHaToFNX897E/E/r5Wa6CLImExSQyWZLYpSjkyMJgmgLlOUGD6yBBPF7K2I9LHCxNicSjYEb/7lReKfVC+r3t1ppXadp1GEAziEY/DgHGpwC3XwgcAjPMMrvDlD58V5dz5mrQUnn9mHP3A+fwD+WpEg</latexit><latexit sha1_base64="e+cRsT4GUx3QhA+p9Iz70Fu0yF0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kV8eMgFL14rODaQruUbJptQ5PsmmSLZenv8OJBxat/xpv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKS8srq2vF9dLG5tb2Tnl370HHqSLUJzGPVTPEmnImqW+Y4bSZKIpFyGkjHNxM/MaQKs1ieW9GCQ0E7kkWMYKNlQLdydoCP43RlXeGOuWKW3WnQIvEy0kFctQ75a92NyapoNIQjrVueW5iggwrwwin41I71TTBZIB7tGWpxILqIJsePUZHVumiKFa2pEFT9fdEhoXWIxHaToFNX897E/E/r5Wa6CLImExSQyWZLYpSjkyMJgmgLlOUGD6yBBPF7K2I9LHCxNicSjYEb/7lReKfVC+r3t1ppXadp1GEAziEY/DgHGpwC3XwgcAjPMMrvDlD58V5dz5mrQUnn9mHP3A+fwD+WpEg</latexit>

smax = 32
<latexit sha1_base64="tFdV4Bgx8PMkZLFhZbi6xdxr0HI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1INQ9OKxgrGFJpTNdtMu3d2E3Y1YQv+GFw8qXv013vw3btsctPXBwOO9GWbmRSln2rjut7O0vLK6tl7aKG9ube/sVvb2H3SSKUJ9kvBEtSOsKWeS+oYZTtupolhEnLai4c3Ebz1SpVki780opaHAfcliRrCxUqC7eSDw0xhdnda7lapbc6dAi8QrSBUKNLuVr6CXkExQaQjHWnc8NzVhjpVhhNNxOcg0TTEZ4j7tWCqxoDrMpzeP0bFVeihOlC1p0FT9PZFjofVIRLZTYDPQ895E/M/rZCa+CHMm08xQSWaL4owjk6BJAKjHFCWGjyzBRDF7KyIDrDAxNqayDcGbf3mR+PXaZc27O6s2ros0SnAIR3ACHpxDA26hCT4QSOEZXuHNyZwX5935mLUuOcXMAfyB8/kDoc2Q9A==</latexit><latexit sha1_base64="tFdV4Bgx8PMkZLFhZbi6xdxr0HI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1INQ9OKxgrGFJpTNdtMu3d2E3Y1YQv+GFw8qXv013vw3btsctPXBwOO9GWbmRSln2rjut7O0vLK6tl7aKG9ube/sVvb2H3SSKUJ9kvBEtSOsKWeS+oYZTtupolhEnLai4c3Ebz1SpVki780opaHAfcliRrCxUqC7eSDw0xhdnda7lapbc6dAi8QrSBUKNLuVr6CXkExQaQjHWnc8NzVhjpVhhNNxOcg0TTEZ4j7tWCqxoDrMpzeP0bFVeihOlC1p0FT9PZFjofVIRLZTYDPQ895E/M/rZCa+CHMm08xQSWaL4owjk6BJAKjHFCWGjyzBRDF7KyIDrDAxNqayDcGbf3mR+PXaZc27O6s2ros0SnAIR3ACHpxDA26hCT4QSOEZXuHNyZwX5935mLUuOcXMAfyB8/kDoc2Q9A==</latexit><latexit sha1_base64="tFdV4Bgx8PMkZLFhZbi6xdxr0HI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1INQ9OKxgrGFJpTNdtMu3d2E3Y1YQv+GFw8qXv013vw3btsctPXBwOO9GWbmRSln2rjut7O0vLK6tl7aKG9ube/sVvb2H3SSKUJ9kvBEtSOsKWeS+oYZTtupolhEnLai4c3Ebz1SpVki780opaHAfcliRrCxUqC7eSDw0xhdnda7lapbc6dAi8QrSBUKNLuVr6CXkExQaQjHWnc8NzVhjpVhhNNxOcg0TTEZ4j7tWCqxoDrMpzeP0bFVeihOlC1p0FT9PZFjofVIRLZTYDPQ895E/M/rZCa+CHMm08xQSWaL4owjk6BJAKjHFCWGjyzBRDF7KyIDrDAxNqayDcGbf3mR+PXaZc27O6s2ros0SnAIR3ACHpxDA26hCT4QSOEZXuHNyZwX5935mLUuOcXMAfyB8/kDoc2Q9A==</latexit><latexit sha1_base64="tFdV4Bgx8PMkZLFhZbi6xdxr0HI=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1INQ9OKxgrGFJpTNdtMu3d2E3Y1YQv+GFw8qXv013vw3btsctPXBwOO9GWbmRSln2rjut7O0vLK6tl7aKG9ube/sVvb2H3SSKUJ9kvBEtSOsKWeS+oYZTtupolhEnLai4c3Ebz1SpVki780opaHAfcliRrCxUqC7eSDw0xhdnda7lapbc6dAi8QrSBUKNLuVr6CXkExQaQjHWnc8NzVhjpVhhNNxOcg0TTEZ4j7tWCqxoDrMpzeP0bFVeihOlC1p0FT9PZFjofVIRLZTYDPQ895E/M/rZCa+CHMm08xQSWaL4owjk6BJAKjHFCWGjyzBRDF7KyIDrDAxNqayDcGbf3mR+PXaZc27O6s2ros0SnAIR3ACHpxDA26hCT4QSOEZXuHNyZwX5935mLUuOcXMAfyB8/kDoc2Q9A==</latexit>

smax ! 1
<latexit sha1_base64="XhrgQH5sNBnXW7PeVYO7nE3TZb8=">AAACAnicbVA9SwNBEN2LXzF+Re20WQyCVbgTQe2CNpYRjAnkwrG32UuW7O0eu3PqcQRs/Cs2Fiq2/go7/42bj0ITHww83pthZl6YCG7Adb+dwsLi0vJKcbW0tr6xuVXe3rk1KtWUNagSSrdCYpjgkjWAg2CtRDMSh4I1w8HlyG/eMW24kjeQJawTk57kEacErBSU90yQ+zF5GGJf814fiNbq3ucygiwoV9yqOwaeJ96UVNAU9aD85XcVTWMmgQpiTNtzE+jkRAOngg1LfmpYQuiA9FjbUkliZjr5+IchPrRKF0dK25KAx+rviZzExmRxaDtjAn0z643E/7x2CtFZJ+cySYFJOlkUpQKDwqNAcJdrRkFklhCqub0V0z7RhIKNrWRD8GZfnieN4+p51bs+qdQupmkU0T46QEfIQ6eohq5QHTUQRY/oGb2iN+fJeXHenY9Ja8GZzuyiP3A+fwBsUZg6</latexit><latexit sha1_base64="XhrgQH5sNBnXW7PeVYO7nE3TZb8=">AAACAnicbVA9SwNBEN2LXzF+Re20WQyCVbgTQe2CNpYRjAnkwrG32UuW7O0eu3PqcQRs/Cs2Fiq2/go7/42bj0ITHww83pthZl6YCG7Adb+dwsLi0vJKcbW0tr6xuVXe3rk1KtWUNagSSrdCYpjgkjWAg2CtRDMSh4I1w8HlyG/eMW24kjeQJawTk57kEacErBSU90yQ+zF5GGJf814fiNbq3ucygiwoV9yqOwaeJ96UVNAU9aD85XcVTWMmgQpiTNtzE+jkRAOngg1LfmpYQuiA9FjbUkliZjr5+IchPrRKF0dK25KAx+rviZzExmRxaDtjAn0z643E/7x2CtFZJ+cySYFJOlkUpQKDwqNAcJdrRkFklhCqub0V0z7RhIKNrWRD8GZfnieN4+p51bs+qdQupmkU0T46QEfIQ6eohq5QHTUQRY/oGb2iN+fJeXHenY9Ja8GZzuyiP3A+fwBsUZg6</latexit><latexit sha1_base64="XhrgQH5sNBnXW7PeVYO7nE3TZb8=">AAACAnicbVA9SwNBEN2LXzF+Re20WQyCVbgTQe2CNpYRjAnkwrG32UuW7O0eu3PqcQRs/Cs2Fiq2/go7/42bj0ITHww83pthZl6YCG7Adb+dwsLi0vJKcbW0tr6xuVXe3rk1KtWUNagSSrdCYpjgkjWAg2CtRDMSh4I1w8HlyG/eMW24kjeQJawTk57kEacErBSU90yQ+zF5GGJf814fiNbq3ucygiwoV9yqOwaeJ96UVNAU9aD85XcVTWMmgQpiTNtzE+jkRAOngg1LfmpYQuiA9FjbUkliZjr5+IchPrRKF0dK25KAx+rviZzExmRxaDtjAn0z643E/7x2CtFZJ+cySYFJOlkUpQKDwqNAcJdrRkFklhCqub0V0z7RhIKNrWRD8GZfnieN4+p51bs+qdQupmkU0T46QEfIQ6eohq5QHTUQRY/oGb2iN+fJeXHenY9Ja8GZzuyiP3A+fwBsUZg6</latexit><latexit sha1_base64="XhrgQH5sNBnXW7PeVYO7nE3TZb8=">AAACAnicbVA9SwNBEN2LXzF+Re20WQyCVbgTQe2CNpYRjAnkwrG32UuW7O0eu3PqcQRs/Cs2Fiq2/go7/42bj0ITHww83pthZl6YCG7Adb+dwsLi0vJKcbW0tr6xuVXe3rk1KtWUNagSSrdCYpjgkjWAg2CtRDMSh4I1w8HlyG/eMW24kjeQJawTk57kEacErBSU90yQ+zF5GGJf814fiNbq3ucygiwoV9yqOwaeJ96UVNAU9aD85XcVTWMmgQpiTNtzE+jkRAOngg1LfmpYQuiA9FjbUkliZjr5+IchPrRKF0dK25KAx+rviZzExmRxaDtjAn0z643E/7x2CtFZJ+cySYFJOlkUpQKDwqNAcJdrRkFklhCqub0V0z7RhIKNrWRD8GZfnieN4+p51bs+qdQupmkU0T46QEfIQ6eohq5QHTUQRY/oGb2iN+fJeXHenY9Ja8GZzuyiP3A+fwBsUZg6</latexit>

smax = 32 (lower bound)
<latexit sha1_base64="33zg59asK+YDhJVE+WQa5cHFD2E=">AAACCnicbVA9SwNBEN2L3/ErammzGARtwl0U1EII2lgqeCaQhLC3meji3u6xO6cJR3ob/4qNhYqtv8DOf+Pmo1Djg4HHezPMzIsSKSz6/peXm5qemZ2bX8gvLi2vrBbW1q+sTg2HkGupTS1iFqRQEKJACbXEAIsjCdXo9nTgV+/AWKHVJfYSaMbsWomO4Ayd1Cps2VbWiFm3T4/3yrSB0MWM7kh9D4ZGOlXt3X6rUPRL/hB0kgRjUiRjnLcKn4225mkMCrlk1tYDP8FmxgwKLqGfb6QWEsZv2TXUHVUsBtvMhr/06bZT2rSjjSuFdKj+nMhYbG0vjlxnzPDG/vUG4n9ePcXOYTMTKkkRFB8t6qSSoqaDYGhbGOAoe44wboS7lfIbZhhHF1/ehRD8fXmShOXSUSm42C9WTsZpzJNNskV2SEAOSIWckXMSEk4eyBN5Ia/eo/fsvXnvo9acN57ZIL/gfXwDIzGaDA==</latexit><latexit sha1_base64="33zg59asK+YDhJVE+WQa5cHFD2E=">AAACCnicbVA9SwNBEN2L3/ErammzGARtwl0U1EII2lgqeCaQhLC3meji3u6xO6cJR3ob/4qNhYqtv8DOf+Pmo1Djg4HHezPMzIsSKSz6/peXm5qemZ2bX8gvLi2vrBbW1q+sTg2HkGupTS1iFqRQEKJACbXEAIsjCdXo9nTgV+/AWKHVJfYSaMbsWomO4Ayd1Cps2VbWiFm3T4/3yrSB0MWM7kh9D4ZGOlXt3X6rUPRL/hB0kgRjUiRjnLcKn4225mkMCrlk1tYDP8FmxgwKLqGfb6QWEsZv2TXUHVUsBtvMhr/06bZT2rSjjSuFdKj+nMhYbG0vjlxnzPDG/vUG4n9ePcXOYTMTKkkRFB8t6qSSoqaDYGhbGOAoe44wboS7lfIbZhhHF1/ehRD8fXmShOXSUSm42C9WTsZpzJNNskV2SEAOSIWckXMSEk4eyBN5Ia/eo/fsvXnvo9acN57ZIL/gfXwDIzGaDA==</latexit><latexit sha1_base64="33zg59asK+YDhJVE+WQa5cHFD2E=">AAACCnicbVA9SwNBEN2L3/ErammzGARtwl0U1EII2lgqeCaQhLC3meji3u6xO6cJR3ob/4qNhYqtv8DOf+Pmo1Djg4HHezPMzIsSKSz6/peXm5qemZ2bX8gvLi2vrBbW1q+sTg2HkGupTS1iFqRQEKJACbXEAIsjCdXo9nTgV+/AWKHVJfYSaMbsWomO4Ayd1Cps2VbWiFm3T4/3yrSB0MWM7kh9D4ZGOlXt3X6rUPRL/hB0kgRjUiRjnLcKn4225mkMCrlk1tYDP8FmxgwKLqGfb6QWEsZv2TXUHVUsBtvMhr/06bZT2rSjjSuFdKj+nMhYbG0vjlxnzPDG/vUG4n9ePcXOYTMTKkkRFB8t6qSSoqaDYGhbGOAoe44wboS7lfIbZhhHF1/ehRD8fXmShOXSUSm42C9WTsZpzJNNskV2SEAOSIWckXMSEk4eyBN5Ia/eo/fsvXnvo9acN57ZIL/gfXwDIzGaDA==</latexit><latexit sha1_base64="33zg59asK+YDhJVE+WQa5cHFD2E=">AAACCnicbVA9SwNBEN2L3/ErammzGARtwl0U1EII2lgqeCaQhLC3meji3u6xO6cJR3ob/4qNhYqtv8DOf+Pmo1Djg4HHezPMzIsSKSz6/peXm5qemZ2bX8gvLi2vrBbW1q+sTg2HkGupTS1iFqRQEKJACbXEAIsjCdXo9nTgV+/AWKHVJfYSaMbsWomO4Ayd1Cps2VbWiFm3T4/3yrSB0MWM7kh9D4ZGOlXt3X6rUPRL/hB0kgRjUiRjnLcKn4225mkMCrlk1tYDP8FmxgwKLqGfb6QWEsZv2TXUHVUsBtvMhr/06bZT2rSjjSuFdKj+nMhYbG0vjlxnzPDG/vUG4n9ePcXOYTMTKkkRFB8t6qSSoqaDYGhbGOAoe44wboS7lfIbZhhHF1/ehRD8fXmShOXSUSm42C9WTsZpzJNNskV2SEAOSIWckXMSEk4eyBN5Ia/eo/fsvXnvo9acN57ZIL/gfXwDIzGaDA==</latexit>

smax = 16 (lower bound)
<latexit sha1_base64="hC84Ct8XyVQgOTuuOzY1gcquKys=">AAACCnicbVA9SwNBEN3z2/gVtbRZDII24U7Ej0II2lgqGCPkQtjbTHRxb/fYndOEI72Nf8XGQsXWX2Dnv3GTXKGJDwYe780wMy9KpLDo+9/exOTU9Mzs3HxhYXFpeaW4unZldWo4VLmW2lxHzIIUCqooUMJ1YoDFkYRadHfa92v3YKzQ6hK7CTRidqNEW3CGTmoWN20zC2PW6dHjYJ+GCB3M6LbUD2BopFPV2uk1iyW/7A9Ax0mQkxLJcd4sfoUtzdMYFHLJrK0HfoKNjBkUXEKvEKYWEsbv2A3UHVUsBtvIBr/06JZTWrStjSuFdKD+nshYbG03jlxnzPDWjnp98T+vnmL7sJEJlaQIig8XtVNJUdN+MLQlDHCUXUcYN8LdSvktM4yji6/gQghGXx4n1d3yUTm42CtVTvI05sgG2STbJCAHpELOyDmpEk4eyTN5JW/ek/fivXsfw9YJL59ZJ3/gff4AJmGaDg==</latexit><latexit sha1_base64="hC84Ct8XyVQgOTuuOzY1gcquKys=">AAACCnicbVA9SwNBEN3z2/gVtbRZDII24U7Ej0II2lgqGCPkQtjbTHRxb/fYndOEI72Nf8XGQsXWX2Dnv3GTXKGJDwYe780wMy9KpLDo+9/exOTU9Mzs3HxhYXFpeaW4unZldWo4VLmW2lxHzIIUCqooUMJ1YoDFkYRadHfa92v3YKzQ6hK7CTRidqNEW3CGTmoWN20zC2PW6dHjYJ+GCB3M6LbUD2BopFPV2uk1iyW/7A9Ax0mQkxLJcd4sfoUtzdMYFHLJrK0HfoKNjBkUXEKvEKYWEsbv2A3UHVUsBtvIBr/06JZTWrStjSuFdKD+nshYbG03jlxnzPDWjnp98T+vnmL7sJEJlaQIig8XtVNJUdN+MLQlDHCUXUcYN8LdSvktM4yji6/gQghGXx4n1d3yUTm42CtVTvI05sgG2STbJCAHpELOyDmpEk4eyTN5JW/ek/fivXsfw9YJL59ZJ3/gff4AJmGaDg==</latexit><latexit sha1_base64="hC84Ct8XyVQgOTuuOzY1gcquKys=">AAACCnicbVA9SwNBEN3z2/gVtbRZDII24U7Ej0II2lgqGCPkQtjbTHRxb/fYndOEI72Nf8XGQsXWX2Dnv3GTXKGJDwYe780wMy9KpLDo+9/exOTU9Mzs3HxhYXFpeaW4unZldWo4VLmW2lxHzIIUCqooUMJ1YoDFkYRadHfa92v3YKzQ6hK7CTRidqNEW3CGTmoWN20zC2PW6dHjYJ+GCB3M6LbUD2BopFPV2uk1iyW/7A9Ax0mQkxLJcd4sfoUtzdMYFHLJrK0HfoKNjBkUXEKvEKYWEsbv2A3UHVUsBtvIBr/06JZTWrStjSuFdKD+nshYbG03jlxnzPDWjnp98T+vnmL7sJEJlaQIig8XtVNJUdN+MLQlDHCUXUcYN8LdSvktM4yji6/gQghGXx4n1d3yUTm42CtVTvI05sgG2STbJCAHpELOyDmpEk4eyTN5JW/ek/fivXsfw9YJL59ZJ3/gff4AJmGaDg==</latexit><latexit sha1_base64="hC84Ct8XyVQgOTuuOzY1gcquKys=">AAACCnicbVA9SwNBEN3z2/gVtbRZDII24U7Ej0II2lgqGCPkQtjbTHRxb/fYndOEI72Nf8XGQsXWX2Dnv3GTXKGJDwYe780wMy9KpLDo+9/exOTU9Mzs3HxhYXFpeaW4unZldWo4VLmW2lxHzIIUCqooUMJ1YoDFkYRadHfa92v3YKzQ6hK7CTRidqNEW3CGTmoWN20zC2PW6dHjYJ+GCB3M6LbUD2BopFPV2uk1iyW/7A9Ax0mQkxLJcd4sfoUtzdMYFHLJrK0HfoKNjBkUXEKvEKYWEsbv2A3UHVUsBtvIBr/06JZTWrStjSuFdKD+nshYbG03jlxnzPDWjnp98T+vnmL7sJEJlaQIig8XtVNJUdN+MLQlDHCUXUcYN8LdSvktM4yji6/gQghGXx4n1d3yUTm42CtVTvI05sgG2STbJCAHpELOyDmpEk4eyTN5JW/ek/fivXsfw9YJL59ZJ3/gff4AJmGaDg==</latexit>

smax ! 1 (lower bound)
<latexit sha1_base64="ll00V6Jdczur6mXDBynlXFsQOoI=">AAACGHicbVA9SwNBEN3zM8avqKXNYhC0CXciqF3QxjKCUSEXwt5mLlnc2z1250zCkb9h41+xsVCxtfPfuIkpNPHBwOO9GWbmRakUFn3/y5ubX1hcWi6sFFfX1jc2S1vbN1ZnhkOda6nNXcQsSKGgjgIl3KUGWBJJuI3uL0b+7QMYK7S6xkEKzYR1lIgFZ+ikVsm3rTxMWH9IQyM6XWTG6F4oVIwDGiL0MacHUvfA0Ehnqn04bJXKfsUfg86SYELKZIJaq/QZtjXPElDIJbO2EfgpNnNmUHAJw2KYWUgZv2cdaDiqWAK2mY8/G9J9p7RprI0rhXSs/p7IWWLtIIlcZ8Kwa6e9kfif18gwPm3mQqUZguI/i+JMUtR0FBNtCwMc5cARxo1wt1LeZYZxdGEWXQjB9MuzpH5UOasEV8fl6vkkjQLZJXvkgATkhFTJJamROuHkkTyTV/LmPXkv3rv38dM6501mdsgfeJ/fCKqhIQ==</latexit><latexit sha1_base64="ll00V6Jdczur6mXDBynlXFsQOoI=">AAACGHicbVA9SwNBEN3zM8avqKXNYhC0CXciqF3QxjKCUSEXwt5mLlnc2z1250zCkb9h41+xsVCxtfPfuIkpNPHBwOO9GWbmRakUFn3/y5ubX1hcWi6sFFfX1jc2S1vbN1ZnhkOda6nNXcQsSKGgjgIl3KUGWBJJuI3uL0b+7QMYK7S6xkEKzYR1lIgFZ+ikVsm3rTxMWH9IQyM6XWTG6F4oVIwDGiL0MacHUvfA0Ehnqn04bJXKfsUfg86SYELKZIJaq/QZtjXPElDIJbO2EfgpNnNmUHAJw2KYWUgZv2cdaDiqWAK2mY8/G9J9p7RprI0rhXSs/p7IWWLtIIlcZ8Kwa6e9kfif18gwPm3mQqUZguI/i+JMUtR0FBNtCwMc5cARxo1wt1LeZYZxdGEWXQjB9MuzpH5UOasEV8fl6vkkjQLZJXvkgATkhFTJJamROuHkkTyTV/LmPXkv3rv38dM6501mdsgfeJ/fCKqhIQ==</latexit><latexit sha1_base64="ll00V6Jdczur6mXDBynlXFsQOoI=">AAACGHicbVA9SwNBEN3zM8avqKXNYhC0CXciqF3QxjKCUSEXwt5mLlnc2z1250zCkb9h41+xsVCxtfPfuIkpNPHBwOO9GWbmRakUFn3/y5ubX1hcWi6sFFfX1jc2S1vbN1ZnhkOda6nNXcQsSKGgjgIl3KUGWBJJuI3uL0b+7QMYK7S6xkEKzYR1lIgFZ+ikVsm3rTxMWH9IQyM6XWTG6F4oVIwDGiL0MacHUvfA0Ehnqn04bJXKfsUfg86SYELKZIJaq/QZtjXPElDIJbO2EfgpNnNmUHAJw2KYWUgZv2cdaDiqWAK2mY8/G9J9p7RprI0rhXSs/p7IWWLtIIlcZ8Kwa6e9kfif18gwPm3mQqUZguI/i+JMUtR0FBNtCwMc5cARxo1wt1LeZYZxdGEWXQjB9MuzpH5UOasEV8fl6vkkjQLZJXvkgATkhFTJJamROuHkkTyTV/LmPXkv3rv38dM6501mdsgfeJ/fCKqhIQ==</latexit><latexit sha1_base64="ll00V6Jdczur6mXDBynlXFsQOoI=">AAACGHicbVA9SwNBEN3zM8avqKXNYhC0CXciqF3QxjKCUSEXwt5mLlnc2z1250zCkb9h41+xsVCxtfPfuIkpNPHBwOO9GWbmRakUFn3/y5ubX1hcWi6sFFfX1jc2S1vbN1ZnhkOda6nNXcQsSKGgjgIl3KUGWBJJuI3uL0b+7QMYK7S6xkEKzYR1lIgFZ+ikVsm3rTxMWH9IQyM6XWTG6F4oVIwDGiL0MacHUvfA0Ehnqn04bJXKfsUfg86SYELKZIJaq/QZtjXPElDIJbO2EfgpNnNmUHAJw2KYWUgZv2cdaDiqWAK2mY8/G9J9p7RprI0rhXSs/p7IWWLtIIlcZ8Kwa6e9kfif18gwPm3mQqUZguI/i+JMUtR0FBNtCwMc5cARxo1wt1LeZYZxdGEWXQjB9MuzpH5UOasEV8fl6vkkjQLZJXvkgATkhFTJJamROuHkkTyTV/LmPXkv3rv38dM6501mdsgfeJ/fCKqhIQ==</latexit>
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<latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit>

Fig. 9: Average number of tests per sample compared to the
lower bounds with medium heterogeneity and optimal pooling
parameters with the constraint on maximum pool size, smax

taking the values, unbounded, smax = 32 and smax = 16.

True p
0.05 0.06 0.07 0.08

E
st

im
at

ed 0.05 0.2406 0.2676 0.2921 0.3139
0.06 0.2417 0.2595 0.2765 0.2937
0.07 0.2455 0.2604 0.2756 0.2906
0.08 0.2455 0.2604 0.2756 0.2906

Fig. 10: A confusion matrix for the effect of prevalence
estimation error on the expected normalized number of tests
with high heterogeneity, i.e., (cL, cM , cH) = (0.05, 1.0, 6.0).

5/cluster 6) from C = 6 case, thus, we have (αL, αM , αH) =
(α1 + α2 + α3, α4 + α5, α6) = (0.75, 0.22, 0.03) and
(pL, pM , pH) = (0.042, 0.1855, 0.42) by taking the average
of the weighted prevalence rates of the corresponding clusters
from C = 6 case. Finally, for C = 1, we have a prevalence
rate of 0.0849 for the entire population (see the visualization
of the cluster compositions in Figure 11). It can be seen that
heterogeneity aware doubly constant with C = 6 outperforms
the cases with C = 1 and 3. However, we can also see that
at the other extreme where C = N , one recovers individual
testing. This indicates that C needs to be chosen carefully to
minimize the expected normalized number of tests. How to
pick C and form each cluster is an interesting future work.

VI. CONCLUSIONS

In this paper, we consider the problem of group testing
for a heterogeneous population, where the population can be
divided into several clusters with local different prevalence
rates. We showed the benefits of applying conservative two-
stage group testing algorithm independently to each cluster.
We showed that the efficiency of heterogeneity-aware group
testing algorithm can be improved due to the concavity of
the expected normalized number of tests as a function of the
prevalence. A lower bound on the required number of tests was
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Fig. 11: The visualization of cluster compositions for C =
1, 3, 6 and N with the prevalence rate of each cluster.

No. of Clusters C = 1 C = 3 C = 6 C = N
Exp. Normalized

0.5265 0.5177 0.4760 1No. of Tests

Fig. 12: Expected normalized number of tests for three differ-
ent fineness of heterogeneity knowledge, where heterogeneity
unaware doubly constant is used for C = 1 and heterogeneity
aware doubly constant is used for C = 3 and 6.

derived based on the heterogeneity profile as well as a practical
constraint on the pool size. Our numerical results confirmed
that heterogeneity knowledge indeed provides significant im-
provement for group testing performance compared to the case
where heterogeneity is unknown, i.e., assuming i.i.d. samples.
Interesting future directions include studying the benefits of
heterogeneity aware schemes for other model assumptions
such as, noisy pooled testing and non-conservative testing
models where pooled testing can be useful to detect both
positive and negative samples.

Noisy group testing has been studied in [30], [31], [47]–
[50]. In the noisy setting, the pooled tests could yield noisy
outcomes, which subsequently lead to incorrect classification.
In practice, noises can be results of dilution or inherently
inaccurate testing. While noisy group testing is relatively
well-understood with homogeneous population, there are few
works that assume heterogeneous population. Understanding
the impact of noise for pooled testing in a heterogeneous
population is an interesting direction for future work.

In a recent interesting work [33], it was shown that by
leveraging quantitative information from the test outcomes
(as opposed to binary outcomes), one can further reduce the
number of tests for two-stage adaptive testing algorithms. An-
other interesting direction would be to jointly use quantitative
information from pooled tests (as in [33]) and prevalence
heterogeneity across samples.
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V. Govindaraju, “Parallel feature selection inspired by group testing,” in
Advances in Neural Information Processing Systems 27. Curran Asso-
ciates, Inc., 2014, pp. 3554–3562. [Online]. Available: http://papers.nips.
cc/paper/5296-parallel-feature-selection-inspired-by-group-testing.pdf

[27] B. W. Heng and J. Scarlett, “Non-adaptive group testing in the
linear regime: Strong converse and approximate recovery,” CoRR, vol.
abs/2006.01325, 2020. [Online]. Available: http://arxiv.org/abs/2006.
01325

[28] E. Price and J. Scarlett, “A fast binary splitting approach to non-adaptive
group testing,” CoRR, vol. abs/2006.10268, 2020. [Online]. Available:
http://arxiv.org/abs/2006.10268

[29] L. Baldassini, O. Johnson, and M. Aldridge, “The capacity of adaptive
group testing,” CoRR, vol. abs/1301.7023, 2013. [Online]. Available:
http://arxiv.org/abs/1301.7023

[30] J. Scarlett, “Noisy adaptive group testing: Bounds and algorithms,” IEEE
Transactions on Information Theory, vol. 65, no. 6, pp. 3646–3661,
2019.

[31] M. Cuturi, O. Teboul, and J.-P. Vert, “Noisy Adaptive Group
Testing using Bayesian Sequential Experimental Design,” CoRR, vol.
abs/2004.12508, 2020. [Online]. Available: http://arxiv.org/abs/2004.
12508

[32] M. Aldridge, “Rates of adaptive group testing in the linear
regime,” CoRR, vol. abs/1901.09687, 2019. [Online]. Available:
http://arxiv.org/abs/1901.09687

[33] A. Heidarzadeh and K. R. Narayanan, “Two-Stage Adaptive Pooling
with RT-qPCR for COVID-19 Screening,” CoRR, vol. abs/2007.02695,
2020. [Online]. Available: http://arxiv.org/abs/2007.02695

[34] South Dakota Department of Health, COVID-19: Employee Screening
Questions and Guidelines. South Dakota Department of Health, 2020.

[35] Ontario Ministry of Health, COVID-19 Screening Tool for Long-Term
Care Homes and Retirement Homes. Ontario Ministry of Health, 2020.

[36] American Dental Hygienists’ Association, ADHA COVID-19 Patient
Screening Questionnaire. American Dental Hygienists’ Association,
2020.

[37] I. Bergel, “Variable pool testing for infection spread estimation,”
CoRR, vol. abs/2004.03322, 2020. [Online]. Available: http://arxiv.org/
abs/2004.03322

[38] X. M. Tu, E. Litvak, and M. Pagano, “On the informativeness and
accuracy of pooled testing in estimating prevalence of a rare disease:
Application to HIV screening,” Biometrika, vol. 82, no. 2, pp. 287–297,
06 1995. [Online]. Available: https://doi.org/10.1093/biomet/82.2.287

[39] W. Zhang, A. Liu, Q. Li, and P. S. Albert, “Incorporating retesting
outcomes for estimation of disease prevalence,” Statistics in Medicine,
vol. 39, no. 6, pp. 687–697, 2019.

[40] C. R. Bilder, J. M. Tebbs, and P. Chen, “Informative retesting,” Journal
of the American Statistical Association, vol. 105, no. 491, pp. 942–955,
2010.

[41] M. S. Black, C. R. Bilder, and J. M. Tebbs, “Group testing in hetero-
geneous populations by using halving algorithms,” Journal of the Royal
Statistical Society: Series C (Applied Statistics), vol. 61, no. 2, pp. 277–
290, 2012.

[42] H. Aprahamian, E. K. Bish, and D. R. Bish, “Adaptive risk-based pooling
in public health screening,” IISE Transactions, vol. 50, no. 9, pp. 753–
766, 2018.

[43] H. Aprahamian, D. R. Bish, and E. K. Bish, “Optimal risk-based group
testing,” Management Science, vol. 65, no. 9, pp. 4365–4384, 2019.
[Online]. Available: https://doi.org/10.1287/mnsc.2018.3138

[44] C. S. McMahan, J. M. Tebbs, and C. R. Bilder, “Informative Dorfman
Screening,” Biometrics, vol. 68, no. 1, pp. 287–296, 2012. [Online].
Available: https://onlinelibrary.wiley.com/doi/abs/10.1111/j.1541-0420.
2011.01644.x

[45] P. Nikolopoulos, T. Guo, C. Fragouli, and S. Diggavi, “Community
aware group testing,” CoRR, vol. abs/2007.08111, 2020. [Online].
Available: http://arxiv.org/abs/2007.08111

[46] P. Fischer, N. Klasner, and I. Wegener, “On the cut-off point for
combinatorial group testing,” Discrete Appl. Math., vol. 91, no.
1–3, p. 83–92, Jan. 1999. [Online]. Available: https://doi.org/10.1016/
S0166-218X(98)00119-X



12

[47] O. Gebhard, O. Johnson, P. Loick, and M. Rolvien, “Improved bounds
for noisy group testing with constant tests per item,” CoRR, vol.
abs/2007.01376, 2020. [Online]. Available: http://arxiv.org/abs/2007.
01376

[48] G. Atia and V. Saligrama, “Noisy group testing: An information theoretic
perspective,” in 2009 47th Annual Allerton Conference on Communica-
tion, Control, and Computing (Allerton), 2009, pp. 355–362.

[49] C. L. Chan, P. H. Che, S. Jaggi, and V. Saligrama, “Non-adaptive prob-
abilistic group testing with noisy measurements: Near-optimal bounds
with efficient algorithms,” in 2011 49th Annual Allerton Conference on
Communication, Control, and Computing (Allerton), 2011, pp. 1832–
1839.

[50] J. Scarlett and V. Cevher, “Near-optimal noisy group testing via sep-
arate decoding of items,” in 2018 IEEE International Symposium on
Information Theory (ISIT), 2018, pp. 2311–2315.

APPENDIX A
PROOF OF LEMMA 2

In order to find an approximation for s∗(p, r), we approxi-
mate the derivative of T (p, r, s) in (11) as follows,

∂T (p, r, s)

∂s

=− (r − 1)

s2
− (r − 1)(1− p)s ln(1− p)

(
1− (1− p)s−1

)r−2

(a)≈ − r − 1

s2
− (r − 1)(1− p)s ln(1− p)

(
p(s− 1)

)r−2

(b)≈ − r − 1

s2
+ (r − 1)pr−1(1− p)s(s− 1)r−2

(c)≈ − r − 1

s2
+ (r − 1)pr−1(s− 1)r−2 = 0, (17)

where the approximation in the three steps assumes that
p � 1. More specifically, (a) follows from approximating
1− (1−p)s−1 with p(s−1) through binomial approximation;
(b) follows from the fact that ln(1−p) ≈ −p for small p; and
(c) follows from (1 − p)s ≈ 1 for small p. Hence for small
prevalence rate p, the optimal pool size is approximately the
solution of s2(s−1)r−2 = 1

pr−1 while satisfying the constraint
s ≤ smax, which can be further approximated in a closed form
as ŝ(p, r) = min(smax,

⌊
1 + p−(r−1)/r

⌉
) by approximating

s2 as (s − 1)2. Using this value for the pool size, we obtain
the expression in (13) for the approximate optimized average
number of tests per sample, where the bound T̂ (p, r) < 1
corresponds to individual testing, i.e., s = r = 1.

APPENDIX B
PROOF OF LEMMA 3

T̂ (p, r) can be approximated as follows by plugging in the
ŝ(p, r) in (14) to T̂ (p, r),

T̂ (p, r)

=
r − 1⌊

1 + p−(r−1)/r
⌉ + p+ (1− p)

(
1− (1− p)bp

−(r−1)/re)r−1

(a)≈ r − 1

1 + p−(r−1)/r
+ p+ (1− p)

(
1− (1− p)p

−(r−1)/r
)r−1

(b)≈ (r − 1)p(r−1)/r

1 + p(r−1)/r
+ p+ (1− p)p(r−1)/r. (18)

where (a) follows from removing the rounding; and (b)
follows from another binomial approximation for the term

(1− p)p
−(r−1)/r

when p < 1 and p1/r � 1. Therefore, the
second derivative of T̂ (p, r) is approximated as

∂2T̂ (p, r)

∂p2
≈−

r−1
r p−

2
r(

1 + p
r−1
r

)2

(
2 +

p−
r−1
r

r
((2r − 1)p+ 1)

)

− r − 1

r2
p−

r+1
r ((2r − 1)p+ 1), (19)

which is negative for all values of p and r, hence proving
concavity.

APPENDIX C
OPTIMAL PARAMETERS WITH CONSTRAINED POOL SIZES

In Figures 13 and 14, we illustrate the effect of adding the
pooling size constraint, i.e., bounded smax, for smax = 16
and smax = 32, respectively. We plot T ∗(p, r) for different
values of r with the corresponding lower bounds given by
[4, Theorem 5]. We also plot T ∗(p) by optimizing over r.
Figures 15 and 16 for smax = 16 and smax = 32, respectively,
shows the optimal pooling parameters r∗(p) and s∗(p, r), for
different ranges of p.

APPENDIX D
PROOF OF THEOREM 1

In this Section, we present the proof for the lower bounds on
the expected number of tests for the heterogeneous model. We
start by lower bounding the expected number of tests in Stage
2, T2. In the conservative setting, all positive samples are tested
again in Stage 2 regardless of the results of Stage 1. Therefore,
Stage 2 consists of all positive samples and samples that are
not declared as DNs in the first stage. For simplicity, we call
samples that cannot be declared as DNs hidden samples. The
main difference between our bound and the bound derived in
[4] is that, since the statistics of each pool now depends on
the local prevalence pc, we need to keep track of the number
of samples from each cluster in each pool. In addition, we
assume that each cluster c has exactly αcN samples, which is
used during the minimization process.

Suppose that the sample n belongs to the cluster γn and pγn
denotes the local prevalence of cluster γn. We define Nc as
the set of all samples in cluster c, i.e., Nc = {n|γn = c, n =
1, . . . , N}, and |Nc| = αcN for all c ∈ [1 : C]. Let us also
define wt as the number of samples in pool t, and w

(c)
t as

the number of samples from cluster c that participate in pool
t. Clearly, wt =

∑C
c=1 w

(c)
t . The expected number of tests in

Stage 2 can be bounded as,

E (T2) ≥ E (# of hidden samples) =

N∑
n=1

P (Hn) (20)

=

N∑
n=1

[pγnP (Hn|n is positive)

+ (1− pγn)P (Hn|n is negative)]

=

N∑
n=1

pγn +

N∑
n=1

(1− pγn)P (Hn|n is negative) (21)
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<latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit>

T ⇤(p, r = 2)
<latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit><latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit><latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit><latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit>

T ⇤(p, r = 4)
<latexit sha1_base64="mCZS5aeD9EsYb8Kh/qcJXm/Ac7E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipRECupBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8Q9q1xWnLtqqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8AQKnj14=</latexit><latexit sha1_base64="mCZS5aeD9EsYb8Kh/qcJXm/Ac7E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipRECupBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8Q9q1xWnLtqqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8AQKnj14=</latexit><latexit sha1_base64="mCZS5aeD9EsYb8Kh/qcJXm/Ac7E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipRECupBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8Q9q1xWnLtqqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8AQKnj14=</latexit><latexit sha1_base64="mCZS5aeD9EsYb8Kh/qcJXm/Ac7E=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipRECupBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8Q9q1xWnLtqqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8AQKnj14=</latexit>

Average Prevalence Rate (p)
<latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit><latexit sha1_base64="YADqRQlhYZdCGUQypGF6yqrbbsg=">AAACA3icbVA9T8MwFHT4LOUrwNjFokIqS5V0AbYCC2NBhFZqo8pxX1qrjhPZTqUq6sDCX2FhAMTKn2Dj3+C2GaDlJEunu/f0fBcknCntON/Wyura+sZmYau4vbO7t28fHD6oOJUUPBrzWLYCooAzAZ5mmkMrkUCigEMzGF5P/eYIpGKxuNfjBPyI9AULGSXaSF27dGlc0gfckDAiHAQFfEc04Epy2rXLTtWZAS8TNydllKPRtb86vZimEQhNOVGq7TqJ9jMiNaMcJsVOqiAhdGjutQ0VJALlZ7MQE3xilB4OY2me0Him/t7ISKTUOArMZET0QC16U/E/r53q8NzPmEhSbeLND4UpxzrG00Zwj0mgmo8NIVQy81dMB0QSqk1vRVOCuxh5mXi16kXVva2V61d5GwVUQseoglx0huroBjWQhyh6RM/oFb1ZT9aL9W59zEdXrHznCP2B9fkDm4SW+A==</latexit>
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<latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit><latexit sha1_base64="k+NmnvMlHHswE8QSDrFxe2qngEg=">AAACC3icbVDLTgIxFO3gC/GFunTTSExckRk26o5oTFwZTBghgQnplDvQ0E4nbceIhA9w46+4caHGrT/gzr+xAywUPEmTk3POze09YcKZNq777eSWlldW1/LrhY3Nre2d4u7erZapouBTyaVqhkQDZzH4hhkOzUQBESGHRji4yPzGHSjNZFw3wwQCQXoxixglxkqdYunyPgFqoIuvpRKEs4eMpiIEhWWE66CNtim37E6AF4k3IyU0Q61T/Gp3JU0FxIZyonXLcxMTjIgyjHIYF9qphoTQAelBy9KYCNDBaHLMGB9ZpYsjqeyLDZ6ovydGRGg9FKFNCmL6et7LxP+8Vmqi02DE4iQ1ENPpoijl2EicNYO7TNkm+NASQhWzf8W0TxSx7ShdsCV48ycvEr9SPit7N5VS9XzWRh4doEN0jDx0gqroCtWQjyh6RM/oFb05T86L8+58TKM5Zzazj/7A+fwBr++a8w==</latexit>

Fig. 13: Expected normalized number of tests T ∗(p, r)
compared to the lower bound (Lemma 1) for different
values of r and maximum pool size smax = 16.
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<latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit><latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit><latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit><latexit sha1_base64="tDFR3cGnTOmbVWekMQt6BgIviCE=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtIQ9lsN+3SzW7Y3Sgl9Gd48aDi1X/jzX/jps1BWx8MPN6bYWZelHKmjet+O5WV1bX1jepmbWt7Z3evvn/woGWmCPWJ5FJ1I6wpZ4L6hhlOu6miOIk47UTjm8LvPFKlmRT3ZpLSMMFDwWJGsLFSoFAvS7FS8qnWrzfcpjsDWiZeSRpQot2vf/UGkmQJFYZwrHXguakJc6wMI5xOa71M0xSTMR7SwFKBE6rDfHbyFJ1YZYBiqWwJg2bq74kcJ1pPksh2JtiM9KJXiP95QWbiyzBnIs0MFWS+KM44MhIV/6MBU5QYPrEEE8XsrYiMsMLE2JSKELzFl5eJf9a8anp3543WdZlGFY7gGE7BgwtowS20wQcCEp7hFd4c47w4787HvLXilDOH8AfO5w89j5DE</latexit>

Lower Bound<latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit><latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit><latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit><latexit sha1_base64="mguq/N34Xa5By7VSRAmj01oi/0k=">AAAB8XicbVA9T8MwEL2Ur1K+CowsFhUSU5V0AbaqLAwMRaK0UhpVjuO0Vh07sh1QFfVnsDAAYuXfsPFvcNsM0PKkk57eu9PdvTDlTBvX/XZKa+sbm1vl7crO7t7+QfXw6EHLTBHaIZJL1QuxppwJ2jHMcNpLFcVJyGk3HF/P/O4jVZpJcW8mKQ0SPBQsZgQbK/m38okq1JKZiAbVmlt350CrxCtIDQq0B9WvfiRJllBhCMda+56bmiDHyjDC6bTSzzRNMRnjIfUtFTihOsjnJ0/RmVUiFEtlSxg0V39P5DjRepKEtjPBZqSXvZn4n+dnJr4McibSzFBBFovijCMj0ex/FDFFieETSzBRzN6KyAgrTIxNqWJD8JZfXiWdRv2q7t01as1WkUYZTuAUzsGDC2jCDbShAwQkPMMrvDnGeXHenY9Fa8kpZo7hD5zPH2JukNs=</latexit>

T ⇤(p)
<latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit><latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit><latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit><latexit sha1_base64="ehfvYDg0A9hft83aS7fe6kvJIf8=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRaheii7Iqi3ohePFbptoV1LNs22sdlkSbJCWfofvHhQ8eoP8ua/Mf04aOuDgcd7M8zMCxPOtHHdbye3srq2vpHfLGxt7+zuFfcPGlqmilCfSC5VK8Saciaob5jhtJUoiuOQ02Y4vJ34zSeqNJOibkYJDWLcFyxiBBsrNeoPZ+XktFssuRV3CrRMvDkpwRy1bvGr05MkjakwhGOt256bmCDDyjDC6bjQSTVNMBniPm1bKnBMdZBNrx2jE6v0UCSVLWHQVP09keFY61Ec2s4Ym4Fe9Cbif147NdFVkDGRpIYKMlsUpRwZiSavox5TlBg+sgQTxeytiAywwsTYgAo2BG/x5WXin1euK979Ral6M08jD0dwDGXw4BKqcAc18IHAIzzDK7w50nlx3p2PWWvOmc8cwh84nz/MiY4n</latexit>

T ⇤(p, r = 1)
<latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit><latexit sha1_base64="F9fDUIrMIUwEeyaTIPtwf9GhMS4=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/llXPcLZbsij0FWiRORkqQod4tfnV6EUlCKjThWKm2Y8faS7HUjHA6LnQSRWNMhrhP24YKHFLlpdOLx+jIKD0URNKU0Giq/p5IcajUKPRNZ4j1QM17E/E/r53o4MJLmYgTTQWZLQoSjnSEJu+jHpOUaD4yBBPJzK2IDLDERJuQCiYEZ/7lReJWK5cV5+6sVLvO0sjDARxCGRw4hxrcQh1cICDgGV7hzVLWi/Vufcxac1Y2sw9/YH3+AP4Mj1s=</latexit>

T ⇤(p, r = 2)
<latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit><latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit><latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit><latexit sha1_base64="fTuCCsmtpwklMlMXuz+wEYzXJno=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipSkCOpBKHrxWKGxxTaWzXbTLt1swu5GKKH/wosHFa/+HG/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKLS2vrK7l1wsbm1vbO8XdvXsVJZJQl0Q8ki0fK8qZoK5mmtNWLCkOfU6b/vBm4jefqFQsEg09iqkX4r5gASNYG+mh8XhSjk/lVfW4WyzZFXsKtEicjJQgQ71b/Or0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKS6cXj9GRUXooiKQpodFU/T2R4lCpUeibzhDrgZr3JuJ/XjvRwYWXMhEnmgoyWxQkHOkITd5HPSYp0XxkCCaSmVsRGWCJiTYhFUwIzvzLi8StVi4rzt1ZqXadpZGHAziEMjhwDjW4hTq4QEDAM7zCm6WsF+vd+pi15qxsZh/+wPr8Af+Qj1w=</latexit>

T ⇤(p, r = 5)
<latexit sha1_base64="RkfLjqOGM8JPAWS0F0MfTxi3znM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipREFPUgFL14rNDYYhvLZrtpl242YXcjlNB/4cWDild/jjf/jds2B219MPB4b4aZeX7MmdK2/W3lFhaXllfyq4W19Y3NreL2zr2KEkmoSyIeyaaPFeVMUFczzWkzlhSHPqcNf3Az9htPVCoWiboextQLcU+wgBGsjfRQfzwqx8fy6uywUyzZFXsCNE+cjJQgQ61T/Gp3I5KEVGjCsVItx461l2KpGeF0VGgnisaYDHCPtgwVOKTKSycXj9CBUbooiKQpodFE/T2R4lCpYeibzhDrvpr1xuJ/XivRwYWXMhEnmgoyXRQkHOkIjd9HXSYp0XxoCCaSmVsR6WOJiTYhFUwIzuzL88Q9qVxWnLvTUvU6SyMPe7APZXDgHKpwCzVwgYCAZ3iFN0tZL9a79TFtzVnZzC78gfX5AwQrj18=</latexit><latexit sha1_base64="RkfLjqOGM8JPAWS0F0MfTxi3znM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipREFPUgFL14rNDYYhvLZrtpl242YXcjlNB/4cWDild/jjf/jds2B219MPB4b4aZeX7MmdK2/W3lFhaXllfyq4W19Y3NreL2zr2KEkmoSyIeyaaPFeVMUFczzWkzlhSHPqcNf3Az9htPVCoWiboextQLcU+wgBGsjfRQfzwqx8fy6uywUyzZFXsCNE+cjJQgQ61T/Gp3I5KEVGjCsVItx461l2KpGeF0VGgnisaYDHCPtgwVOKTKSycXj9CBUbooiKQpodFE/T2R4lCpYeibzhDrvpr1xuJ/XivRwYWXMhEnmgoyXRQkHOkIjd9HXSYp0XxoCCaSmVsR6WOJiTYhFUwIzuzL88Q9qVxWnLvTUvU6SyMPe7APZXDgHKpwCzVwgYCAZ3iFN0tZL9a79TFtzVnZzC78gfX5AwQrj18=</latexit><latexit sha1_base64="RkfLjqOGM8JPAWS0F0MfTxi3znM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipREFPUgFL14rNDYYhvLZrtpl242YXcjlNB/4cWDild/jjf/jds2B219MPB4b4aZeX7MmdK2/W3lFhaXllfyq4W19Y3NreL2zr2KEkmoSyIeyaaPFeVMUFczzWkzlhSHPqcNf3Az9htPVCoWiboextQLcU+wgBGsjfRQfzwqx8fy6uywUyzZFXsCNE+cjJQgQ61T/Gp3I5KEVGjCsVItx461l2KpGeF0VGgnisaYDHCPtgwVOKTKSycXj9CBUbooiKQpodFE/T2R4lCpYeibzhDrvpr1xuJ/XivRwYWXMhEnmgoyXRQkHOkIjd9HXSYp0XxoCCaSmVsR6WOJiTYhFUwIzuzL88Q9qVxWnLvTUvU6SyMPe7APZXDgHKpwCzVwgYCAZ3iFN0tZL9a79TFtzVnZzC78gfX5AwQrj18=</latexit><latexit sha1_base64="RkfLjqOGM8JPAWS0F0MfTxi3znM=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBahipREFPUgFL14rNDYYhvLZrtpl242YXcjlNB/4cWDild/jjf/jds2B219MPB4b4aZeX7MmdK2/W3lFhaXllfyq4W19Y3NreL2zr2KEkmoSyIeyaaPFeVMUFczzWkzlhSHPqcNf3Az9htPVCoWiboextQLcU+wgBGsjfRQfzwqx8fy6uywUyzZFXsCNE+cjJQgQ61T/Gp3I5KEVGjCsVItx461l2KpGeF0VGgnisaYDHCPtgwVOKTKSycXj9CBUbooiKQpodFE/T2R4lCpYeibzhDrvpr1xuJ/XivRwYWXMhEnmgoyXRQkHOkIjd9HXSYp0XxoCCaSmVsR6WOJiTYhFUwIzuzL88Q9qVxWnLvTUvU6SyMPe7APZXDgHKpwCzVwgYCAZ3iFN0tZL9a79TFtzVnZzC78gfX5AwQrj18=</latexit>

Average Prevalence Rate (p)
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Fig. 14: Expected normalized number of tests T ∗(p, r)
compared to the lower bound (Lemma 1) for different
values of r and maximum pool size smax = 32.

Prevalence Tests/sample Pool size Required
range p r∗(p) s∗(p, r) tests T ∗(p)

[0.307, 1] 1 1 1
[0.121, 0.307) 2 [3 : 4] [0.654, 1]
[0.064, 0.121) 3 [6 : 8] [0.440, 0.654)
[0.025, 0.064) 4 [11 : 16] [0.241, 0.440)
[0.005, 0.024) 3 [14 : 16] [0.134, 0.241)

[0, 0.001) 2 [15 : 16] [0.064, 0.134)

Fig. 15: Optimal pooling parameters, (r, s) values and corre-
sponding required tests, for different ranges of prevalence rate
p and maximum pool size smax = 16.

Prevalence Tests/sample Pool size Required
range p r∗(p) s∗(p, r) tests T ∗(p)

[0.307, 1] 1 1 1
[0.121, 0.307) 2 [3 : 4] [0.654, 1]
[0.064, 0.121) 3 [6 : 8] [0.440, 0.654)
[0.036, 0.064) 4 [11 : 16] [0.294, 0.440)
[0.015, 0.036) 5 [21 : 32] [0.160, 0.294)
[0.007, 0.015) 4 [29 : 32] [0.108, 0.160)
[0.001, 0.007) 3 [30 : 32] [0.064, 0.108)

[0, 0.001) 2 32 < [0.034, 0.064)

Fig. 16: Optimal pooling parameters, (r, s) values and corre-
sponding required tests, for different ranges of prevalence rate
p and maximum pool size smax = 32.

where Hn is a Bernoulli random variable denoting the event
that a given sample n is hidden, and (21) follows from the
fact that for conservative testing, a positive sample is always
hidden, thus, P (Hn|n is positive) = 1.

We note that, while (20) and (21) are equivalent, we can take
different steps later on so that they produce slightly different
bounds that dominate in different regime of p like the bounds
in Lemma 1.

A. Lower Bound 1

We first start with (20). A sample is hidden when all the
pools it is in are positive. Let Htn denote the event a given
sample n is in a positive pool t. The probability of Htn is
given as,

P (Htn) = 1−
∏

c∈[1:C]

q
w

(c)
t

c , (22)

where qc , 1− pc. Therefore, we know,

P (Hn) =
∏

t:xtn=1

1−
∏

c∈[1:C]

q
w

(c)
t

c

 , (23)

where xtn = 1 whenever sample n is in pool t and xtn = 0
otherwise. We next define the variable L(n, p) as follows:

L(n, p) = lnP (Hn) (24)

=

T1∑
t=1

xtn ln

1−
∏

c∈[1:C]

q
w

(c)
t

c

 (25)

Using AM-GM inequality, we can now bound (20) as follows:
N∑
n=1

P (Hn) =

N∑
n=1

eL(n,p)

≥ N exp

(
1

N

N∑
n=1

L(n, p)

)
. (26)

Thus, the goal is to bound the term inside the exponential.
Plugging the definition of L(n, p) into (26), we have the
following inequalities,

1

N

N∑
n=1

L(n, p) (27)

=
1

N

N∑
n=1

T1∑
t=1

xtn ln

1−
∏

c∈[1:C]

q
w

(c)
t

c

 (28)
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(a)
=

1

N

T1∑
t=1

(
N∑
n=1

xtn

)
ln

1−
∏

c∈[1:C]

q
w

(c)
t

c

 (29)

(b)
=

1

N

T1∑
t=1

wt ln

1−
∏

c∈[1:C]

q
w

(c)
t

c

 (30)

(c)

≥ T1

N
min

w∈[2:smax]

w(c)∈[0:min{w,αcN}]∑C
c=1 w

(c)=w

w ln

1−
∏

c∈[1:C]

qw
(c)

c

 (31)

=− λf(smax, p, α), (32)

where (a) follows from switching the order of summations;
(b) follows from the definition of wt; and (c) follows from
bounding each term in the summation with the minimum
value; f(smax, p, α) is defined in (15) and λ = T1/N .
Therefore, the expected normalized number of tests can be
bounded as,

T T.S. opt(p, α) ≥ T1

N
+
E (T2)

N
≥ λ+ exp (−λf(smax, p, α)) . (33)

Optimizing the R.H.S. of (33) with respect to λ, we obtain the
optimal λopt that maximizes the R.H.S as follows:

λopt =
−1

f(smax, p, α)

(
ln

1

f(smax, p, α)

)
. (34)

Plugging (34) back in (33), we arrive at the first lower bound
stated in Theorem 1.

B. Lower Bound 2

We can next obtain the second lower bound by bounding
the second term in (21). Note that we are now working with
conditional probability. We need to be careful about which
cluster sample n is from. To find the probability that a negative
sample n is hidden, we first find the probability that it is
hidden in pool t in the first stage. Alternatively, we can find
the probability that a given negative sample n is not hidden in
pool t. A sample n is not hidden in pool t when every sample
in that pool is negative. We have,

P (Htn|n is negative) = 1− P (Htn|n is negative)

= 1− (1− pγn)w
(γn)
t −1

∏
c∈[1:C]\{γn}

(1− pc)w
(c)
t

= 1− qw
(γn)
t −1

γn

∏
c∈[1:C]\{γn}

q
w

(c)
t

c ,

where we have defined qc , 1− pc. From the above, we now
compute the probability that sample n is hidden in all T1 tests:

P (Hn|n is negative)

=
∏

t:xtn=1

1− qw
(γn)
t −1

γn

∏
c∈[1:C]\{γn}

q
w

(c)
t

c

 ,

where xtn = 1 whenever sample n is in pool t and xtn = 0
otherwise. We next define the variable L(n, p) as follows:

L(n, p) = ln(1− pγn)P (Hn|n is negative)

= ln qγn +

T1∑
t=1

xtn ln

1− qw
(γn)
t −1

γn

∏
c∈[1:C]\{γn}

q
w

(c)
t

c


Using AM-GM inequality, we can now bound the second term
in (21) as follows:

N∑
n=1

(1− pγn)P (Hn|n is negative)

=

N∑
n=1

eL(n,p) ≥ N exp

(
1

N

N∑
n=1

L(n, p)

)
(35)

We need to bound the term inside the exponential appearing in
(35). However, we need to bound it differently from [4] due to
having an extra term, and different constraints. We now have
a constraint on the number of samples from individual cluster
for all cluster, instead of having one constraint on the entire
population. In addition, since we are working with conditional
probability, we need to know exactly which cluster the sample
we conditioned on comes from. Plugging the definition of
L(n, p) into (35), we have the following equality,

1

N

N∑
n=1

L(n, p) =
1

N

N∑
n=1

ln qγn (36)

+
1

N

T1∑
t=1

 N∑
n=1

xtn ln

1− qw
(γn)
t −1

γn

∏
c∈[1:C]\{γn}

q
w

(c)
t

c

 .

We can rewrite the first term on the right as follows,

1

N

N∑
n=1

ln qγn =

C∑
c=1

αc ln qc, (37)

from the observation that the summation consists of αcN
copies of ln qc’s for all c. We then bound the second term
on the right of (36) as follows,

1

N

T1∑
t=1

 N∑
n=1

xtn ln

1− qw
(γn)
t −1

γn

∏
c∈[1:C]\{γn}

q
w

(c)
t

c


(a)

≥ 1

N

T1∑
t=1

(
C∑
c=1

w
(c)
t ln

(
1− qw

(c)
t −1

c q
wt−w(c)

t
max

))
(b)

≥ T1

N
min

w∈[2:smax]

w(c)∈[0:min{w,αcN}]∑C
c=1 w

(c)=w

{
C∑
c=1

w(c) ln
(

1− qw(c)−1
c qw−w

(c)

max

)}

=− λg(smax, p, α), (38)

where (a) follows from the fact that we can bound individual
qc using qmax = (1−mini∈[1:C] pi) and rewrite the summation
over n using the summation over c since there are w(c)

t copies
of the same logarithm term for all c; and (b) follows by
bounding the summation using T1 times the minimum value;
g(smax, p, α) is defined in (16), and λ = T1/N . By combining
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(36), (37) and (38), we have,

1

N

N∑
n=1

L(n, p) ≥
C∑
c=1

αc ln qc − λg(smax, p, α). (39)

By rewriting
∑N
n=1 pγn in (21) as

∑C
c=1 pcαcN , the expected

average number of tests per sample can be bounded as,

T T.S. opt(p, α) ≥ T1

N
+
E (T2)

N

≥ λ+

C∑
c=1

pcαc + exp

(
C∑
c=1

αc ln qc − λg(smax, p, α)

)
.

(40)

Optimizing the R.H.S. of (40) with respect to λ, we obtain the
optimal λopt that maximizes the R.H.S as follows:

λopt =
1

g(smax, p, α)

(
C∑
c=1

αc ln qc − ln
1

g(smax, p, α)

)
.

(41)

Plugging (41) back in (40), we arrive at the second lower
bound stated in Theorem 1.


