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Tamoru takes values in {0,1,...,n — 1}. In (3), th

probability that Tamorn equals ¢ is the probability
that the first ¢ slots are non-rendezvous slots (i.e.,
[1;=1(1 — A(d;))) and the i + 1st slot is a rendezvous
slot (i.e., A(d;4+1)). In AMQFH, SUs may rendezvous
during a quorum slot or a randomly assigned slot.
Accordingly, A(d;), which represents the probability
that slot ¢ is a rendezvous slot, is computed by con-
sidering all combinations of ¢ randomly assigned slots
and k£ + 1 — ¢ quorum slots.

The probability that slot 7 is a quorum slot (6;)
depends on i. §; is computed by conditioning on the
type (quorum/non-quorum) of all slots j such that
j < i. Because the quorum slots in the uniform k-
arbiter quorum system are consecutive, there are only
two cases to consider:

Case 1: All slots j < ¢ are quorum slots. This case
occurs with probability (n — i+ 1)/n.
Case 2: All slots except one are quorum slots. This
case occurs with probability (i — 1)/n.

In Case 1, the ﬁ)robability that slot ¢ is a quorum slot

. i+2
is equal to L"jll r

kn | i3

k41
equals -

, and in Case 2 this probability

APPENDIX B
PROOF OF THEOREM 3

Temorn takes values in {0,1,...,n — 1}. O represents

the probability that a given slot is a rendezvous

slot. Note that in contrast to A (for AMQFH), © is

independent of the slot index. © can be derived in a

similar way of deriving A, after considering the two

following observations:

e In CMQFH, the probability that a given slot is a
quorum slot in the FH sequence that uses prime
number p; is 1/p;, and the probability that it is a
randomly assigned slotis 1-1/p; = (p;—1)/p;. Note
that, in contrast to § (for AMQFH), this probability
is independent of the slot index. This is because the
quorum slots are equally-spaced in CRT quorums.

e In a CMQFH frame of length p; X pa... x py, there
is only one time slot where all the k£ SUs are at a

quorum slot. Therefore, consider a given slot, the
probability that all the k£ SUs are at a quorum slot
in this given slot is 1/(p1 X p2 X ... X pg).
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Recall the definition of the expected HD in Sec-
tion 3.3.2. ¢ represents the number of randomly as-
signed slots in each frame. To obtain E[H anmqru], note
that SUs select the same quorum with probability
1/¢ and select different quorums with probability
1—-1/¢ = (¢ — 1)/¢. The expected HD in the first
case is equal to -1 x (¢ + 1) / n. The first term
(i.e., £71) represents the probability that a randomly
assigned slot is assigned two different channels at the
two FH sequences, the second term (i.e., ¢ + 1) is the
number of slots where at least one of the two FH
sequences is at a randomly assigned slot, and the third
term (i.e., n) is the frame length. In the second case,
the expected HD is the same, except that the number
of slots where at least one of the two FH sequences
is at a randomly assigned slot is equal to ¢ instead
of ¢ + 1. To obtain Hjyqpy, note that in this case
different SUs are assumed to pick different quorums,
and their randomly assigned parts are assumed to be
non-overlapping.
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To obtain E[Hcwmorn], note that in CMQFH, the num-
ber of common quorum slots between two FH se-
quences with prime numbers p; and p; is equal to 7;)

where y is the frame length Hence, the number of
different slots equals y — anj =y (1 o ) Also, the
probability that two SUs pick a pair of prime numbers
p; and p; is 1/k? if p; and p; need to be different
and (%) if p; and p; can be the same. The probability
that a randomly assigned slot is assigned two different
channels at the two FH sequences equals £71. Finally,
because for each pair of p; and p; the HD is added
twice, we divide by 2. To obtain H¢yqpy, note that
in this case different SUs pick different quorums, and
their randomly assigned parts are non-overlapping.



