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Abstract—A fast rate-optimal rate allocation algorithm is
proposed for parallel transmission of scalable images in multi-
channel systems. Scalable images are transmitted via fixed-length
packets. The proposed algorithm selects a subchannel, as well as
a channel code rate for each packet, based on the signal-to-noise
ratios (SNRs) of the subchannels. The resulting scheme provides
unequal error protection of source bits and significant gains are
obtained over equal error protection schemes. An application of
the proposed algorithm to JPEG2000 transmission shows the ad-
vantages of exploiting differences in SNRs between subchannels.
Multiplexing of multiple sources is also considered, and additional
gains are achieved by exploiting information diversity among the
sources.

Index Terms—Joint source/channel coding, JPEG2000, parallel
channels, rate allocation.

I. INTRODUCTION

ARALLEL channels are often used in multimedia trans-

mission for more reliable communication or more efficient
bandwidth usage. For example, in wireless channels, fading,
shadowing, or other sources of interference can cause fluctua-
tion of channel quality. Data transmitted through such a channel
may have large distortion, or even be completely useless, espe-
cially for error-sensitive sources, such as compressed images.
Another example is an underwater acoustic channel. In such a
channel, there exist frequency-dependent signal attenuation and
multipath due to reflections from the surface and the bottom
of the sea. Intersymbol interference (ISI) results from the non-
ideal channel frequency response, and a complex equalizer may
be needed to compensate for channel distortion. Using mul-
tiple parallel channels is one approach to combat such prob-
lems. It has attracted significant research interest, and yielded
many modern communications techniques, such as multicarrier
modulation (MCM) or discrete multitone (DMT) [1], [2]. Those
techniques are well known for their advantages of bandwidth ef-
ficiency, excellent ISI performance, and immunity to multipath
fading or time dispersion.
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Joint source-channel coding is another way to improve per-
formance of multimedia transmission systems. Modern error
correction codes (ECC) are widely used along with MCM tech-
niques to lower error rates in communication systems. Rate allo-
cation plays an important role in designing a high performance
end-to-end system. A rate allocation scheme decides how to dis-
tribute available resources such as bandwidths or bit budgets be-
tween sources and error protection. Pradhan and Ramchandran
[3] propose a multiresolution modulation to achieve unequal
error protection (UEP) for different resolution layers, but within
each layer, equal error protection (EEP) is assigned across sub-
channels. Cherriman et al. [4] propose to choose a modulation
mode to maximize throughput while keeping estimated BER
lower than a target BER for orthogonal frequency division mul-
tiplexing (OFDM)-based interactive video telephony. In addi-
tion to the frequency diversity provided by MCM, other diver-
sities, such as space and time diversity, are also studied and
utilized in communication systems. For example, optimal rate
allocation is proposed in an OFDM system using space-time
block codes by Song and Liu [5]. Parallel subchannels are as-
sumed to have the same SNR. Sun et al. [6], [7] propose a fast
joint source-channel rate allocation for the transmission of scal-
able images over space-time coded OFDM systems for a given
average SNR (BER). Chan et al. [8] propose to combine mul-
tiple description coding and frequency diversity, optimizing for
a given SNR.

The above algorithms can be categorized as aiming to op-
timize system performance for a given average SNR (over
subchannels). Varying subchannel SNR is considered in some
cases, but not fully utilized for a joint design. Transmission of
a layered source over spectrally shaped channels using MCM
is proposed by Zheng and Liu [9]. The source layers are pre-
determined before allocation. Subchannels are ordered by SNR
and the earlier layers select subchannels of higher SNR. The
number of subchannels used by each layer is governed by the
length of that layer. Zhao et al. [10], [11] propose optimal rate
and power allocations in multichannel systems. Subchannels
are assigned to layered images/videos sequentially first, then
rates and power levels are allocated jointly between channels.

Rate-based optimization for the single channel case has been
proposed by Stankovic ef al. [12]. In this paper, we tackle the
problem of designing a rate-based optimization scheme for
multiple parallel channels, where the potential of varying SNR
over all subchannels is fully exploited for robust transmission
of scalable sources via fixed-length packets. For each source
packet, the proposed algorithm selects a subchannel among
all available subchannels, and chooses a channel code rate,
such that the expected length of the correctly received source
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data is maximized. Additionally, our algorithm can incorporate
constraints on the number of packets that can be carried by
any given channel. Such constraints can not be handled by the
single channel solution. Additionally, we investigate transmit-
ting multiple sources. Source multiplexing is introduced and
combined with rate allocation to provide a more fair distribution
of quality among transmitted sources in addition to minimizing
the average MSE over all sources.

We verify the proposed algorithm for different channel
models. Two models are chosen for this purpose. The first one
is a model of independent parallel Gaussian channels. This
model is chosen because it can represent a nonwhite Gaussian
noise channel or other spectrally shaped channels arising in
various applications, such as DMT or MCM, multiple input
multiple output (MIMO) systems, and OFDM, etc. OFDM is
a special case of MCM. Coded OFDM (COFDM) has been
specified for digital audio broadcasting (DAB) [13] and digital
video television (DVB-T) [14]. The second model is chosen to
demonstrate the suitability of the proposed scheme in a specific
channel. To this end, a plastic optical fiber (POF) model is
selected. POF is a newly developed type of optical fiber. One
major advantage of POF over glass fiber is that it is inexpensive
and simple to install. POF can be used for Gigabit Ethernet and
local area networks (LAN) [15], [16]. It can also be used in
high definition television (HDTV) and internet protocol televi-
sion (IPTV) delivery systems [17]. Randel et al. [18] provide
results with 1 Gbit/s transmission in a step-index POF link
using adaptive multiple subcarrier modulation. In our work, we
apply optimal rate allocation in the POF channel with OFDM
modulation.

The paper is organized as follows. The optimization problem
is formulated and solved in Section II. In Section III, the
proposed algorithm is applied to image transmission. The
two channel models mentioned above are tested. Section IV
concludes the paper.

II. OPTIMIZATION PROBLEM

Suppose that scalable sources are transmitted via fixed-length
packets. That is, the total number of bits (info and FEC) is
the same for each packet. Suppose further that subchannel
m is constrained to transmit exactly N,, channel packets,
m = 1,2,..., M. Typically, the N,, are all equal; i.e.,
N,, = Ng,Vm,k. However, our algorithm is applicable
to the more general case where the N,, can be different.
The total number of packets to be transmitted is then
N = Zn]\le Np,. Define the set of available channel
code rates as R = {ry,r2,...,7.} and the set of sub-
channels as S = {s1,892,...,8m}. A code rate from
R and a subchannel from S are chosen for each packet.
This allocation is denoted by a rate assignment scheme
R = (("k1+8g1)s (ThysSgs)s - (Thy» gy ). Ideally, a rate
allocation scheme R is chosen for each packet to minimize the
end-to-end expected distortion. However, the distortion-based
optimization problem is difficult to solve in the single channel
case, and is even more difficult for the multichannel case,
since the search space is expanded from LY to (LM )N. Not
only is the search space expanded, but additional constraints
arise, such as the constraint on the number of packets for each
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subchannel as described above. In this paper, we consider
an alternative rate-based optimization problem. It has been
shown by Hamzaoui et al. [19] for the single channel case,
that the rate-optimal solution provides a good approximation to
the distortion-optimal solution for efficient embedded coders.
Chande and Farvardin [20] proposed a rate-optimal solution
for fixed-length information blocks (variable length packets).
Stankovic et al. [12] extended it to fixed-length packets and
proposed a fast algorithm. In this paper, we derive a rate-op-
timal multichannel solution.

The problem can be formulated as follows. Let E[-] denote
the expectation operator, and Ey (R) the expected value of the
correctly received source length associated with rate assignment
scheme R. L;(R) represents the received source length associ-
ated with the event that the first error happens in the (i + 1)**
packet under rate assignment scheme R, and P;(R) represents
the probability of this event. A rate-optimal error protection
scheme (EPS) then maximizes the expected length of correctly
received data

En(R) = Z P;(R)Li(R) )
where

Pl(R) :p(rki+17594+1)2(1 _p(rkj'/sgj)) (2)

7=1
Li(R) = l(ri,) 3)
j=1

and [(ry, ) is the number of source bytes in packet j, which is de-
termined by the channel code rate assigned to the packet. Also,
p(7k,, 54,) is the packet error probability of the jth packet when
transmitted on channel g; using code rate k;. This expression
assumes progressive decoding, and that if one or more errors
are detected in a channel packet, this packet and all following
packets are discarded. Thus, if the first error occurs in the first
packet, the amount of correctly received data is zero bytes. Ac-
cordingly, Lo(R) = 0, so that 7 = 0 need not be included in the
sum of (1).

We give two lemmas and two corollaries before we derive the
optimal solution. Proofs are given in the Appendix .

Lemma 1: Let
R = ((rknsm)? (Tk27392>~, ) (rkzwsgzv)) € (R x S)N be
an N -packet EPS. Then

EN[(TM ’ 891)7 tey (TkN ’ SQN)]
= El [(Tkl y Sqn )] + (1 - p(Tkl ) Sg1 ))
X EN—l[(Tkztsgz)w"7(TthsgN)] “)

where El[(Tknsgh)] = l(rkl)(]‘ - p(rkl ) 591))'

Lemma 2: If the (N — 1)-packet EPS
((r3,53), - (T, 5%)) is  rate  optimal,  and
if
EN[(TT*, sx{) (7“37 S;)7 SRR (T}‘\“ 3}<\7>]

2 EN[(Tklvs!h)? (T;7 53)7 R (T}k\ﬁ S?V)]
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for all rp,, € R, and sy, € &, then the N-packet EPS
((r5.s1),(r5, s3),...,(rk, sy)) is rate optimal.

The next two corollaries follow from these lemmas. If the
N-packet EPS ((r},s7),..., (1%, sy)) is rate optimal, then

Corollary 1: For1 < i < N — 1, the (N — i)-packet EPS
(P10 8541)s-- -+ (T, s%)) is rate optimal.

This result shows that an N-packet EPS can be obtained by
first calculating 1-packet EPS (which is trivial), and recursively
adding one packet (N — 1) times.

Corollary 2: Denote subchannel s,, having a smaller bit error
rate than s,,, by s,, > s,,. Then s7 > 55 > --- > s}

From the above two corollaries, the rate-based optimization
algorithm can be formulated as follows.

Algorithm:

1) Order the M subchannels, s.t. SC; > --- > SC,, >
-+ > 8C)s. Subchannel SC,, contains N,, packets, and
M N, =N.

2)Seti = 1,b = M, sy_ijy1 = SCp, and
JN—it1 = argmaxy=1,__ 1, Fi[(r%, SCr)].
Ni=14+1;

Ifi = Ny+ Npy1+-++ Ny +1,thenb =b—-1,
SN—it+1 = SCy;

Ifi = N + 1, then

{(TT75T)7 (T;7 5;)7 cee (T}k\ﬁ 57\7)}

= {(le » 51)7 (Tj2752)7 RS (T]N78N)}
and stop.
4)

.....

(T]'N77+27SN—’L'+2)7 ceey (TjN'/SN)];

go to step 3.

Step 1 is initialization, where SC,,, denotes the mt" ordered

subchannel. Step 2 starts the assignment from the worst sub-
channel SC); (from Corollary 2), with variable 4 indexing
the packet number. Step 3 and step 4 recursively calculate
the N-packet EPS from the 1-packet EPS obtained in step 2
(from Corollary 1). When each of the packets in the current
subchannel have been assigned a channel code rate, the packets
in the next worst subchannel will be assigned. The procedure
continues until all N packets in all M subchannels are assigned
code rates.

III. APPLICATIONS TO IMAGE TRANSMISSION

In this section, we apply the proposed algorithm to scalable
image transmission for two channel models as mentioned pre-
viously. Before discussing the two cases individually in Sec-
tion III-B and C, we describe the image coding and channel
coding techniques used in the experiments.
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A. Source and Channel Coding

JPEG2000 coded images are used as source images.
JPEG2000 [21] is the state-of-the-art image compression
standard, which can generate highly scalable codestreams.
JEPG2000 divides the subbands from a discrete wavelet trans-
form into rectangular regions called codeblocks. Each bitplane
of each codeblock is coded into a number of (compressed)
coding passes. Generally, an image is encoded into mul-
tiple layers. Each layer contains differing numbers of coding
passes from each codeblock. During the encoding procedure,
a distortion-rate slope is computed for each coding pass. The
distortion-rate slope values characterize the contribution of
the coding pass to the quality of the image. Coding passes
with larger slope values are more important than those with
smaller slope values. A slope threshold is generated to guide the
assembly of one layer. All coding passes having slope values
larger than the threshold are included in that layer. Hence,
these thresholds identify the importance of layers. Consecutive
layers have slope thresholds (importance) in descending order.
The coding passes in each layer are collected into a number
of JPEG2000 packets. These packets are not to be confused
with the channel packets described in previous sections. At
the beginning of a codestream, there is a main header, which
contains crucial information for the decoder to decode the
codestream correctly. Similarly, each JPEG2000 packet has a
packet header. The optional JPEG2000 packed packet header
marker segments (PPM) are used in our experiments to move
all JEPG2000 packet headers to the main header. The main
header (including the relocated packet headers) is then assigned
the lowest code rate (highest protection).

In what follows, we consider the case where multiple im-
ages are transmitted through a common channel. These images
may be entirely unrelated. However, in Part III of the JPEG2000
standard (referred to as Motion JPEG2000), each frame of a
video sequence is compressed independently. Thus, the multiple
images transmitted through the channel (using our proposed
system) could be frames of a video sequence. We examine two
methods to transmit multiple images. We first consider transmit-
ting each image with an equal number of channel packets. For
example, if 256 packets are used to transmit four images, each
image occupies 64 packets. In this case, the total available re-
sources are divided equally. We next consider multiplexing the
images together and adjusting the available resources among the
images according to their characteristics. The multiplexing is
done by combining all the layers from all the images. Accord-
ingly, the source encoder first encodes all the images individu-
ally. The slope values of all layers from each image are recorded
for future ordering purposes. The ownership of each layer and
the length of the layer are sent as side information. A “pseudo”
image is assembled by concatenating the main headers of all the
images together, followed by the layers ordered by slope thresh-
olds. Packetization and rate allocation can then be performed on
the “pseudo” image using the algorithm described in Section II.

At the channel output, the “pseudo” image is split into
individual images, each of which is decoded separately by a
JPEG2000 decoder. If incorrect decoding is detected (by CRC)
in a channel packet, this packet and all the following packets
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TABLE 1
AVERAGE MSE AND PSNR FOR PARALLEL GAUSSIAN CHANNELS

0.5 bpp/source
Scheme 1 Scheme 11 Scheme 111 Scheme 1V Scheme V
MSE PSNR MSE PSNR MSE PSNR MSE PSNR MSE PSNR
Lena 68.66 29.76 86.74 28.75 26.41 3391 30.06 33.35 90.61 28.56
Goldhill 102.01 | 28.04 | 133.53 | 26.88 54.59 30.76 63.26 30.12 | 135.73 | 26.80
Whitehouse | 289.71 | 23.51 | 354.77 | 22.63 | 355.67 | 22.62 | 41924 | 2191 | 367.72 | 22.48
Lighthouse | 470.34 | 21.41 | 545.16 | 20.77 | 655.16 | 19.97 | 716.13 | 19.58 | 616.18 | 20.24
Average 232.68 | 24.46 | 280.05 | 23.66 | 27296 | 23.77 | 307.17 | 23.26 | 302.56 | 23.33
1.0 bpp/source
Scheme 1 Scheme 11 Scheme 111 Scheme 1V Scheme V
MSE PSNR MSE PSNR MSE PSNR MSE PSNR MSE PSNR
Lena 48.64 31.26 55.86 30.66 11.87 37.39 13.72 36.76 56.28 30.63
Goldhill 74.89 29.39 89.32 28.62 28.87 33.53 34.30 32.78 91.68 28.51
Whitehouse | 186.37 | 25.43 | 214.55 | 24.82 | 20695 | 2497 | 23844 | 2436 | 226.34 | 24.58
Lighthouse | 177.61 | 25.64 | 253.50 | 24.09 | 440.83 | 21.69 [ 489.96 | 21.23 | 309.07 | 23.23
Average 121.88 | 27.27 | 153.31 | 2628 | 172.13 | 25.77 | 194.11 | 25.25 | 170.84 | 25.80

are discarded. This policy is based on the assumption that later
packets cannot be used without the reception of earlier packets.
This assumption is not strictly satisfied since an error in one
image will not affect the decoding of another image. Thus, de-
coding can be continued for any image that does not contribute
bytes to the incorrectly decoded packet. Nevertheless, we adopt
the stated policy in our experiments. The reason for this is
primarily simplicity. Also, in our experiments, we use four
images, each encoded with 50 layers. As a result, at least two
(frequently three) images contribute to each channel packet.
Therefore, gains achievable by the more complicated policy are
expected to be small.

Rate-compatible punctured turbo codes (RCPT) are em-
ployed as channel codes. A rate 1/3 parallel concatenated
convolutional code with generator polynomial (33,31) is
chosen as the encoder. A puncturing period of eight is used.
A maximum number of 20 iterations are used for decoding.
Channel packets of length 512 bytes are used. Four bytes are
reserved for a 32-bit CRC, which is used for error detection
following turbo decoding. One byte is reserved for transmitting
side information such as the turbo code rate. Code rates are
chosen from the set R = {8/9,8/10,...,8/23,8/24}. The
cardinality of this set is 16. The following subsections discuss
transmission for the two different channel models.

B. Independent Parallel Gaussian Channels

As a first example, independent parallel Gaussian chan-
nels are assumed. BPSK modulation is used. Four greylevel
512 x 512 images are used as source images: Lena, Goldhill,
Whitehouse, and Lighthouse. We choose 32 AWGN channels
with equally spaced SNRs between 1.0 and 3.0 dB.

There are five error protection schemes tested in the exper-
iments. The first is a UEP scheme. Multiple source images
are multiplexed together using the method described in Sec-
tion III-A. Then the rate allocation algorithm described in
Section II is used to assign a channel and code rate to each
packet. This scheme is denoted as Scheme I henceforth. The
second scheme is an EEP scheme, denoted by Scheme II
In Scheme II, multiple source images are multiplexed as in
Scheme I. However, data from the “pseudo” image is packed
into packets, each of which is protected by the same code, with

a code rate equal to the average code rate used in Scheme I.
This scheme is denoted as Scheme II. Next, we consider a UEP
scheme, in which images are not multiplexed together. This
scheme is denoted as Scheme III. In this scheme, the images
are not multiplexed. Rather, each source image is assigned the
same number of channel packets from each subchannel. Before
transmission of each image, the rate allocation algorithm intro-
duced in Section II is first used to assign subchannels and code
rates to all the packets of that image. In Scheme IV, images
are not multiplexed, and all packets are protected by the same
code, with a code rate equal to the average code rate used in
Scheme III. Schemes III and IV can be thought of as time
division schemes. That is, the first image can be thought of as
being transmitted using all channels, followed by the second
image, and so on. Scheme III optimizes the use of the channels
(UEP) while Scheme IV does not (EEP). Last, Scheme V is
tested. In this scheme, images are multiplexed as in Scheme 1.
However, instead of using the true SNRs of all the subchannels,
an average channel SNR is used in the rate allocation algorithm.
In this scheme, a 2.0-dB channel is assumed for allocating all
N packets. In all the schemes, headers are protected by a code
of rate 1/3.

Simulation results are listed in Table I. A total number of
N 128 packets are used for an average rate of 0.5 bpp/
source, including all header and parity info. Similarly, N = 256
packets are used for an average rate of 1.0 bpp/source. Each
case is simulated 1000 times. The resulting MSE values for
each case are averaged and then converted to PSNR values.
Similarly, the row labelled “Average” is MSE averaged over all
simulations and all images and then converted to PSNR. This
method has been adopted in several recent studies [7], [22],
[23] and has been shown to correlate well with visual quality
[24]. UEP gains can be observed by comparing results from
Scheme I with Scheme II (about 0.8 to 1 dB), and Scheme III
with Scheme IV (about 0.5 dB). Source multiplexing gains can
be observed by comparing results from Scheme I with Scheme
I, and Scheme II with Scheme IV. These gains come from
differing numbers of packets being allocated between different
sources according to their characteristics. The total gain from
both multiplexing and UEP is about 1.2 dB at 0.5 bpp/source,
and 2.0 dB at 1.0 bpp/source. It can also be observed that the
proposed multiplexing tends to give a more fair QoS among
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TABLE II
AVERAGE MSE AND PSNR FOR 1.0 BPP/SOURCE AND GI-POF CHANNEL

Scheme T Scheme 1T Scheme T Scheme IV
MSE PSNR MSE PSNR MSE PSNR MSE PSNR
Lena 41,16 31.99 55.07 30.72 12.04 37.33 12.79 37.06
Goldhill 67.81 29.82 89.83 28.60 27.15 33.79 3173 33.12
Whitehouse | 158.07 | 26.14 | 208.69 | 2494 [ 193774 | 2526 | 232.37 | 2447
Lighthouse | T72.15 | 25.77 | 205.70 | 25.00 | 419.93 [ 2190 [ 47737 | 21.34
Average 109.80 [ 27.72 | 139.82 | 26.68 | 163.2T | 26.00 | 18836 | 25.38

multiple sources in the sense that the MSE differences are sig-
nificantly reduced. Comparing Schemes I and V, it can be ob-
served that significant gains (about 1.1 dB for 0.5 bpp/source
and 1.5 dB for 1.0 bpp/source) are achieved by fully utilizing the
individual characteristics of all subchannels, rather than simply
designing for the “average” channel.

C. Plastic Optical Fiber Channel

Next, a graded-index plastic optical fiber (GI-POF) channel
model with OFDM modulation is considered as the second ex-
ample. The impulse response of GI-POF can be modelled as
[25] h(t) = (1/V2ma?)exp(—t%/2a2). Its transfer function
is H(w) = exp(—a?w?/2), where « = V21In 2T, /27 f,, Ty
is the pulse coded modulation (PCM) bit time, and f,, is the
channel bandwidth normalized to the PCM data rate.

OFDM modulation is considered. A brief introduction of
OFDM is presented here. The information sequence is subdi-
vided into K groups (subchannels). For coded OFDM systems,
information bits are first passed through a channel encoder for
each subchannel. The OFDM modulator consists of K indepen-
dent subchannels. K signal points, X, are chosen from certain
constellations according to any phase shift keying (PSK) or
quadrature amplitude modulation (QAM) signaling set (symbol
mapping). BPSK modulation is used in our experiments.
Those symbols can be viewed as values of the discrete Fourier
transform (DFT) of an OFDM signal z(t). A cyclic prefix is
appended to avoid intersymbol interference (ISI). The signal is
transmitted through some channel after D/A conversion. The
received signal may be expressed as r(t) = z(t) x h(t) + n(t),
where % represents convolution, and n(¢) is additive noise
corrupting the signal. At the receiver end, inverse procedures
are taken to recover estimates of the original information bits.

In our experiments, we employ the GI-POF channel. The
nonflat shape of the transfer function of the POF channel causes
the subchannels to have different channel gains. In particular,
the signal z(t) is convolved with the impulse response of the
channel. Equivalently, the subchannel symbols X} are multi-
plied by the transfer function of the channel. We assume AWGN
with SNR denoted by vo. The gain p; of each subchannel can
be computed from the transfer function. The SNR of each
subchannel is then computed as vx = pi7o. The same image
sources are used as in the previous example. In the experiments,
the OFDM system has 128 subchannels. A channel SNR of
v = 3 dB and f,, = 1.3 are selected. The bit rate of the
system is 2.5 Gb/s, and a total of 256 packets are transmitted.
The results are listed in Table II. Similar conclusions can be
drawn to those of the previous example. The total gain from
multiplexing and UEP is about 2.3 dB.

IV. CONCLUSION

In this paper, a multichannel rate allocation algorithm is pro-
posed. A fast algorithm assigns unequal error protection to each
segment of a source to maximize the expected value of the cor-
rectly received source length. Differences between subchannels
are fully utilized. The algorithm can be applied to many systems
that suffer from nonideal channels. Applications to JPEG2000
transmission shows the benefits of the proposed algorithm ob-
tained by exploiting the differences between subchannels in-
stead of using the average subchannel SNR. Significant UEP
gains are achieved over EEP schemes. The rate allocation algo-
rithm is independent of the transmitted source, but additional
performance gains can be obtained by multiplexing multiple
sources prior to rate allocation.

APPENDIX
Proof of Lemma 1:
En[(re;8g0)s - (Thn» Sgu )]
N N i
=U(ri,) Y Pi(R) + > PAR)Y U(ri,))
i=1 i=2 j=2

N

= 1)1 = Pl 50) + 3 PR D 1)

:l(Tkl)(l - p(rk17891)) + (1 - p(rk17sg1))
EN—l[(Tk27sgz)7 teey (TkN7SgN)]'
Proof of Lemma 2:

EN[(r],87):(75,55), -, (1, s%)]
> (1 - p(rlﬁ ) sgl))[l(rh) + EN—l[(r;*, S;)/ sy (T}k\h 5}(\7)]
Z(l_p(rkl ) Sgl))[l(Tk1)+EN—1[(Tk27 592)7 B (TkN7 Sgn )]
= EN[(Tkl ’ 8511)7 (Tkz ’ 892)7 R ] (TkN ’ S!]N)]
Proof of Corollary 1:
EN[(TL ST)? (T;'/ 8;)/ R (T}k\ﬁ S*N)]
2 EN[(TT> ST)? (Tk27892)> SR (rthsgN)]
which implies
Ey [(TT7 ST)] + (1 - p(TT, ST))EN—l[(T;‘, s;) R (T7V7 57\7)]

>Fy [(TL 3;)]"’(1_7)(7”;7 3;))EN*1[(T1€2 ) ng>~, T (rkN ) sgN)]'

This in turn yields

EN*1[<T;75;>7 L) (T}‘\“S}(\[ﬂ

> EN—l[(Tkz ) ng), ) (TkN ) sgN)]'
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Similarly, we can get

2 EN—’i[(Tkz+1’sg1+1)7 L) (rkzwsgz\r)]'

Proof of Corollary 2: From Corollary 1, we have

EZ[(T?\T—U S’Jk\f—1>7 (T}k\fv S,Jk\f)] > EQ[(T}kV—17 S?V)? (T}k\fv s}kv)] By
(4), we obtain

Er[(ry—1ssh-)l + (L= p(ry_n, sv ) Eal(ry, i)
2 Er[(ry—1,s3)] + (L= p(ry 1, s3)) Eal(ry, si)]

which indicates that

Er[(ry—1s s8] = Exl(ryv—1, sv-1)]

< (p(rv-1,88) = P(rv—1: sh 1)) Eal(r, si)]. - (5)

If sy > siy_,.then (5) has RHS < 0 and LH S > 0, which is
a contradiction. Thus, we must have s3;_; > s},. Similarly

E3[(T}k\f—27 S}kV—2)7 (T}k\/'—h S*N—1)7 (T}k\f'/ S*N)]

> E3[(rN—2,5N-1), ("TN—1,5N=1), ("N 5N)]

which yields

{Erl(ry—2: sh—2)] + (1 = p(ry—2, sn—2)) Ea[(rN 1, s3 1)
(s s3] 2 Ba(ry—os sh—1)] + (1 = p(rv—o; 83 —1))

Eo[(ry—1:83—1): (" s3)]-

This leads to

Er[(ry—2;sh-1)] = Eal(ry—2, s )]
< (p(rv—2:8N-1) = P(rN-2: 5N -2))
Es[(ry—1,sNn-1), ("N s3] (©)

By the same argument as above, we obtain s3,_, > s3_;. The
same method can be used to show that s7_; > s7, for2 <4 <
N.
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