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Analytical Modeling of Stimulated Raman Scattering in WDM
Systems with Dispersion Compensated Links

Ivan B. Djordjevic, Alexandros Stavdas

Summary

The probability density function of Stimulated Raman
Scattering (SRS) crosstalk for WDM systems with dis-
persion compensated links is studied and the parameters,
mean power depletion and crosstalk variance, are de-
rived. Contrary to the present papers, where these pa-
rameters are determined for the most affected channel,
the expressions derived here are applicable for any chan-
nel In addition, the presented analysis is more realistic
in the sense that the SRS generated by the DCF is taken
into account. The derived expressions facilitate in study-
ing the effects of the modulation format (NRZ versus
RZ) on the strength of SRS. The procedure of calculating
the power penalty due to SRS and the optimum threshold
are also presented.

1 Introduction

Optical networks are entering the multi-Terabit trans-
mission capacity regime and most major telecommu-
nications vendors have announced such systems. As
Wavelength-Division-Multiplexed (WDM) systems oper-
ating within the gain spectrum of the erbium-doped-fi-
ber-amplifier (EDFA) window are turning into their ma-
turity phase, the only way of gratifying the capacity de-
mand is to exploit systems employing both the C and L
bands as well as the S band. The total optical bandwidth,
thus, could span anything between 80 nm and 200 am of
optical spectrum. It is exactly this broad spectrum that
renders the effect of Stimulated Raman Scattering (SRS)
as a major limit to the maximum transmission distance
that can be attained Although the deterministic part
could be controlled by means of properly designed equal-
isation filters, the statistical variations of SRS remain a
limiting factor. A simple but still exact analytical model
is required to describe this process.

The limitations due to SRS have been considered in a
number of papers [1-6] Unfortunately, in [1-3, 5, 6]
only the deterministic part of the SRS was taken into
account. Also, in these studies the SRS of the most af-
fected channel only due to a single span was considered.
The analysis presented in [4] is the most comprehensive
so far with respect to both deterministic part and SRS
crosstalk. Nevertheless, the analysis in [4] takes, again,
into account the effect of SRS only on the most affected

channmel. An additional restriction in 4] is that when
WDM system with dispersion compensated links are
considered, it is assumed that the dispersion compen-
sated fiber (DCF) does not induce SRS. The question of
finding an analytical model of SRS valid for any channel
and in the case when DCF induces SRS is still open.

In this paper the parameters, mean power depletion and
crosstalk variance, of the probability density fanction of
stimulated Raman crosstalk for WDM systems with dis-
persion compensated links are derived. Contrary to the
present papers, whete these parameters are determined
for the most affected channel [1-8], the expressions de-
rived here are applicable for any channel. At the same
time our model is more realistic since it is valid even in
the case where the DCF induces SRS. It is pointed out
the analysis presented here allows the most precise com-
parison to date with respect to the effect of the modula-
tion format (NRZ versus RZ) on SRS. The power penaity
due to SRS and the optimum threshold are also deter-
mined,

2 Model description

In dispersion compensated (DC) links a DCF segment
is inserted after each SMF fiber segment followed by an
optical amplifier (EDFA) that restores the optical power,
as shown in Fig. 1. The dispersion accumulated along
a SMF segment of length L, is compensated by that of a
DCF segment of length I, with an opposite sign
of second order dispersion. Typical characteristics
of conventional SMF and DCF fibers are given in
Table 1. WDM systems with N channels of wavelengths
A.iﬂ'-l] + (i"‘- E)Al, (im 1, 2, ey N), with A,l being the
wavelength of i channel and AL being the channel sepa-
ration, are considered. The total bandwidth is (N — DAA.
The wavelength A = 1545 nm is taken to be the middle
one, so that the wavelength of the fist channel! can be
determined by A;= A — (N~ DAA/Z. The assumptions
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Fig 1: Block dingram of 2 WDM transmission system with dispersion
compensated links

Tab. 1: Typical fiber characteristics
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made here are that the amplifier gain is constant for the
bandwidth of interest and that the amplifier gain com-
pletely compensates the total SMF + DCF losses as well
as the node input-output coupling losses. The amplifier
spacing is assumed to be constant,

2.1 Derivation of the probability density
function

Following the similar procedure and the same assump-
tions as in paper [4], the normalized power on n" channel
after the M" dispersion compensated link when ONE is
transmitted can be written as

P, (M(Ll +L, ), t):e“x“ (M{LMLZ),{)’ o

where

Xa(M(L; +1, ). t)=

N o
= (k). (k) L, L, :
= Z Zbl G (i—M[W‘i‘W]}—IT ()

k=Lkotn| jm—oe gl g2
N % i 2
qb%s = qu,”[t—(m——l}(d&_)ni-l +d$cb.r):L2)] (a)
m-}

L
a0 =K, (k, n)J p(t - dg\,l,)uz’)e"“"'dz’ +e" @, (k,n)
0

i l+i“2
j P(t - dgcl.)nLl - dng)} (z-1, ))‘3_0&(3_’;&‘l dz
L]
{2b)

with b € {0,1} being the binary digit transmitted on i
bit of the k™ channel,

K, (k,n)=gi{k—n)Af/(2A,), (1=1,2);

Ay
dfl =1/ v =1v8) = [ D ()an
L.

is the walkoff parameter (I, } = 1, 2 is the second order
dispersion of the corresponding fiber segment) between
n" and k" channel. With v} is denoted the group veloc-
ity of the jth channel (j=k, n) on I" fiber segment. In
the above expressions g, Aq and o, {1 =1, 2) are the
Raman gain slape, the effective cross-sectional area and
the fiber attenuation coefficient of corresponding fiber
segments, respectively. With Af is denoted the channel
separation in frequency domain, while p(1) is the initial
pulse shape. (N is the number of channels, M ~ the num-
ber of DC links, T - the bit duration).

It is known that the result of the summation of many
independent random variables, through the central limit
theorem [10], follows a Gaussian distribution. Therefore,
the distribution for x, is Gaussian and using the transfor-
mation y = e™ the probability density function (PDF) of
P, as derived through (1}, has a lognormal distribution

__ 1 (logy +p,(n)’
w,(y}= Yo Vo expl}— 26%(n) } yz0. (3)

(With log() is denoted the logarithm to the base e). The
mean value i, and the standard deviation o, of P, are

Ly (n)= exp[wux(n) +o2(n)/ 2] and
oy (n)= 1, (n)yexploy(m)] -1 @)

Note that the only difference from the expressions for
PDF presented in [4] is in sign of u, in egq {3)-(&)
Although this difference may seem to be not so impor-
tant, the expressions derived in [4] changes the nature
of SRS process. Namely, the worst affected channel, ac-
cording to expressions (A2) and (A3) of [4], is amplified
through SRS ({the fact that for the worst affected chan-
nel p,>0 and ¢5>0 implies p,> 1, what is impos-
sible). Contrary, according to eq. (4), as expected, the
worst affected channel is depleted through SRS process

(ny < h).

The mean power depletion and the SRS crosstalk stan-
dard deviation for WDM systems with dispersion com-
pensated links are determined in the subsequent two sub-
sections

2.2 Calculation of the mean power depletion

The mean power depletion is studied in [9), There it was
found that the power depleted due to SRS as measured on
the n™ channel after propagation through M SMF {of
length Ly) — DCF (of length L) spans is

Pﬁe-(ugl,gﬂlsz)_Pn(Ll+L-2) L
Poe_(“lh*"ﬂziz) Li+L,’

Hp(n)= 3
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with the implicit assumption that the launched power is
equal forall channels, i e. Po(0) =Py(n=1,2, .. N)and
that with oy and o, are denoted the attenuation coef-
ficients of the SMF and DCF, respecnvely If with P,
{L; + L) is denoted the power of n" channel after the end
of the DCF section, then

Pﬁ(Ll)foe'u'" ~expliwjmjﬂ( ez :I

24,
lbirial=—g g5AT,(m —ci)l.,
ZPm(Ll)exp[ 2 DZAE., 03}
m=] 2
{6)
where Jo = 2 Puo(Ly), while g5 and L = (1 ~ e g,

are the Ranian gain slope and the effective length of
dlspersmn compensatmg fiber segment, respectlvely and
Af is the channel spacing frequency. Finally P,(L,) is the
power of the n" channel at the end of SMF and it is

P,{L;)=Npe ™l exp{g—ié%&’-l—'—“l(.?n -N- i)}

el
sinh g;AfNPDLcI
4A

sinh giAfN”PDLEl

(7

where g') = dg,/df and L., = (1 — e *")/at, represents the
Raman gain slope and the effective length of the SMF
fiber segment, respectively.

To simplify the analysis of SRS, the effective Raman
gain slope-length/cross-sectional area (g'L/2A)g of a
fiber link section, composed of two segments with
lengths L, and L,, can be defined starting from {9] as

’ {'2
P (gL) = &% J-e"u‘zdz
2A eff 2Acl 0

. wt L L§+L2
+ gzl;oe 0‘.1 H J muz{Z“Ll)dz,
AE.? Ly
and
’ ’ =yl ’ —tal.a
(:s,_.L,) _ 8 1=e™ ey g 1-eTRE g
2A Ly 2Aq Oy Ay oy

th

Thetefore the mean power depletion of the n™ channel at

the end of the DCF fiber section is

ug(n)ﬂ{i—Nexp{——Aﬂ;PO(iA) (N+1- Zn)}

sinh A_fN_}’q(_@_)
2 \2A Jyr L

(AfN PD( ’L) J L,+L,
sinh
2 (24 ), @

In the case of the reasonable channel crosstalk, that is
when PpAf(g'l/2A)y << 1, the previous expression is
simplified to

) g’'L L
n)z—~N(N+1-2nP.Af . {9b)
(e =g N+ -2 )
To take into account the statistics of the transmitted sym-
bols, the previous two expressions are to be multiplied
with the probability of transmitting a bit on mark-state,

which usually is 14; that is

L L
m-—-NN+§—2 P AAf ‘ 10
() = NN+ -20pad £5) Lm0

Notice, that for n= 1 (the worst case scenario i e. the
worst affected channel), single span and only one fiber
segment (10} is reduced to

gL

;,LD(n)-«——N(N 1)P, Af (10b)

E

which is the expression given in [6].

The validity of the aforementioned analysis related to the
mean power ciepletion of the channel under study can be
confirmed using a statistical app:oach Namely, the
power that flow due to SRS from n” to m"™ channel after
the first SMEF-DCF span, using the triangle approxima-
tion [6], follows

(gL) P, (m~n)Af
2A off

The mean power depletion of the observed channel can-~
be found by averaging the previous expression assuming
that the probability of transmitting the mark state is 2

X gL 1
LLD(D); Z reesa——— Po(m—ﬂ)AfE

m=1l.m=n 2A eff

=Lnvs 1m2n)P0Af[§—L-) ,
4 2A )

which is in fact is the same expression as (10) for a single
span. For n >[N+ 1/2), with | ] being the integer part,

1p <0 which means that those channels are amplified
through the SRS process.

2.3, Derivation of the SRS crosstalk variance

Starting from [4] and taking into account the fact that
process described by (2} is cyclostationary, the Raman
crosstalk variance after the first SMF-DCF span as cal-
culated on the n” channel, follows

N

oh(n)= Y oi(n) (an

k=1k#n

with crk(n) being the SRS crosstalk variance of the n"
channel due to the kK channel, that is
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L o with IQ™(Q)F defined by (13), wherein the RZ pulse FT
oi(n)=—— O dQ, 1) follows
H0)=— [P (12
. sin{Qt/2 )
where P(jQ2) = Pot—"‘“"sgw 5 ) exp[-jQ1/2) 1< T, (20

rexp[-{a - 801

o )
oy ~ JAT0 I "

K, (k,n)

{")(Q) is in fact the Fourier Transform (FT) of the ex-

pression (2b). P(jQ0) is the Fourier transform of NRZ
rectangular pulse

SIH(QT / 2) B_EQI "

14
QT /2 4

P(iQ) =BT

In the following the expression of the dispersion coef-
ficient as a function of wavelength for the SMF is used

4
pM(n) z%ﬂk[l —;t—‘f} (15)

with A and S, being the zero-dispersion wavelength and
the dispersion siope at Ay, respectively. The correspond-
ing approximation for DCF follows

DA (A)=8,(A-r.)+D (16)

with S, and D, being the dispersion slope and the disper-
sion at the wavelength A, = 1550 nm.

Using (15), (16) the walkoff parameter between two
wavelengths A, &, due to their propagation in the SMF is

(1) SG el 2 X{‘)
di, 2'8"(A"k"7\'n)[l'r2k | an

whereas the corresponding expression for DCF fiber seg-
ment follows

dgczg = (A‘k ""kn)[pc +S?C(A‘k +)“n ’Q‘A‘c)] (18)

In the case of RZ pulses, using the results given in
Appendix B of paper {4}, the correspondmg expression
for SRS crosstalk variance of the n™ channel due to the
k™ channel can be written as
C 2kx
(n)
k Qxk ( T ]

1

oiln BT-H

(19

with 1 being the RZ pulse duration.

To determine the amount of Raman crosstalk variance on
the observed channel] after M sections of SMF-DCF, the
factor Q{™(€2) should be multiplied by factor

iexp —i{m- 1}( 1L +d(2)L-, )Q}

m=}

= expl~i(M-1(a, L,—:—d}f )szfz]

sinfM{a{"\L, +df?) ]

ey

: 21
Bl

ford

(e, +aflL )Q/z} '

which in fact is the Fourier Transform of (2a).

2.4, Calculation of the Bit-Error-Rate (BER)
and the power penalty

The bit-error rate (BER) can be calculated using the fol-
lowing expression

o 1
1 a )1 |
Pe = Ee{fc[m) o ?{). eIfC( 0—0 .\/w] (y)d}’, (22)

where d is the normalized decision level, oy is the stan-
dard deviation of receiver Gaussian noise, and w(y) is
defined by (3). The erfc(x) function is defined by

2 Foa
erfe(x) = ﬁ [ exp(_u-

In the absence of SRS crosstalk, the decision threshold is
placed in the middle (d = 1/2) and the required Q-factor,
in order to achieve BER of 107, is Qo = 1y/(209) = 6.
In the presence of SRS crosstalk a greater value of the
Q factor is needed to achieve the same BER, so that the
power penalty (PP) can be defined as Q/6. In the previ-
ous definition of the PP it is implicit that after each DC
link an equalising fiiter is used to compensate both the
nonuniform gain of EDFA and the deterministic part
of SRS, which is the common practice in the long-haul
communications.

Making use of the Gaussian approximation of the PDF
given by (3) the power penalty follows

~-10logyg = | (23)
44144 36 o

Note that this expression is quite different form (23) of
paper [4] When the crosstalk is no so great
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(oh << 1/(4  36)) the previous expression is approximat-
ed by

PP[dB] = 10log;e(1+3653 ), (24)

which is consistent with the expression (8. 45) of {6].

4

3 Numerical resualts

In Figure 2a, the probability density function versus
SRS crosstalk for different wall-off lengths (L.), is
illustrated. In Figure 2b, 2c the power penalty due to
the SRS crosstalk standard deviation and the optimum
threshold for NRZ pulses, respectively, are shown. The
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Fig. 2: (a) Probability deasity function (for 2 mean power depletion of
01 dB}. (b) power penalty due to SRS crosstalk and (¢) optimum
threshold

walk-off length is defined as L,, = gl/iDAAL withp = /T
(0 <p < 1) being the duty cycle, T ~ the bit duration, D
— dispersion, and AA being the channel spacing

As expected the greater the walk-off length, the wider the
PDF curve is, and the system is more susceptible to SRS
crosstalk. When the thzeshold is set to its optimum value
the system is much more immune to the SRS crosstalk, It
can be also observed that for a PP of less than 1 dB, the
Gaussian approximation of {3) is in a good agreement
with the results obtained from the exact model and can
be used instead When the level of SRS crosstalk that
can be tolerated is known, the threshold giving the best
immunity to SRS can be derived from Fig. 2(c).

in Figure 3, the crosstalk standard deviation-to-mean
power depletion ratio vs. the number of channels assum-
ing RZ pulses is shown. It should be pointed out that the
walk-off lengths and the average power for both NRZ
and RZ pulses were set at the same levels. The relation
between the peak P and the average Py, power is P = P,./p
(0 <p < 1). The power per channel Py used in (5) and
(9) was the peak power

From Figure 3, it can also be deduced that for the same
average power and wall-off length, the RZ systems are
more sensitive to SRS crosstalk than NRZ  Also since

SRS Crosstalk Standard Deviation/dean

10" .
1 | GF L 75 km L, = 250 kms ]
o NRZ
Hz: -
e P=075 R
LT ]
L p=025
10 — . e pee gt
10 160
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™7 o bbbl
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1 e NAZ ]
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e pE07E
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- - p=025

167 -
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10
Number of Channels. N
{b)
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Fig 3: The standard deviation-to-mean power depletion ratio due to
SRS crosstalk vs the number of channels for two different walk-off
leagths for SMF of 75 km in length
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Fig 4: SRS Power penalty vs number of DC links for diffesent peak
powers pet channel: {a) 0 dBm/ch, (b) 3 dBm/ch and {c} 6 dBm/ch ; the
observed channel is the first (n= 1)

the lunched power in (5) and (9) is in fact the peak power,
for the same average power the RZ systems experiencing
greater performance degradation than the NRZ systems.
The smaller the pulse duration is, the greater perfor-
mance degradation due to SRS is observed and, hence,
the ratio op/ip is always greater in NRZ systems.

To illustrate the proposed method, the power penalty
is calculated as a function of the total number of DC
spans (M) for different peak powers per channel (0 dBm,
43 dBm, +6 dBm) and two different channel indexes: the
first (Fig. 4) and the sixteenth (Fig. 5). A 32 channel

than the sixteenth channel. Again, the worst performance
degradation occurs for the systems with the largest peak
power. Equally well, given a power penalty one making
use of Figs. 45 can find out the maximum transmission
distance. It shonld be pointed out that when the threshold
is set to its optimum value a very accurate approximation
of the distribution given by (3) is the Gaussian distribu-
tion.

4 Conclusion

The probability density function of SRS crosstalk is well
approximated by lognormal distribution. The parameters
of this distribution like the mean power depletion and the
crosstalk variance for WDM systems for dispersion com-
pensated links, are derived. Contrary to the present pa-
pers, where these parameters are determined for the most
affected channel, the expressions derived here are appli-
cable for any channel. In addition, the presented analysis
is more realistic in the sense that the SRS generated by
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the DCF is taken into account. The derived expressions
facilitate in studying the effects of the modulation format
{NRZ versus RZ) on the strength of SRS. The RZ modu-
lation format was found more susceptible to SRS.
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