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Calculation of Achievable Information Rates of
Long-Haul Optical Transmission Systems

Using Instanton Approach
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Abstract—A method for estimation of achievable information
rates of high-speed optical transmission systems is proposed. This
method consists of two steps: 1) approximating probability density
functions for energy of pulses, which is done by the instanton ap-
proach, and 2) estimating achievable information rates by apply-
ing a method originally proposed by Arnold and Pfitser. Numerical
results for a specific optical transmission system (submarine sys-
tem at transmission rate 40 Gb/s) are reported.

Index Terms—Achievable information rates, instantons, opti-
cal fiber telecommunication systems, probability density function
(pdf), Shannon capacity.

I. INTRODUCTION

O PTICAL FIBER is a low-loss high-capacity cost-efficient
transmission media. As rates at which information can

be transmitted increase, a fundamental question about physical
limitations of optical fiber arises. The nonlinear nature of the
propagation of light in optical fiber systems plays a crucial
role in limiting the capacity and makes these limits difficult to
calculate.

The problem of determining capacity of optical transmission
systems has been addressed by numerous researchers. For
example, Mitra and Stark [1] approximated a nonlinear noisy
channel by a linear one with an effective nonlinear noise. Such
an approach, as indicated in [2], is valid only for specific trans-
mission systems. In dispersion-free transmission [3], [4], the
nonlinear Schrödinger equation (NLSE) can be solved analyt-
ically, but such results are only of academic interest since a
dispersion-free fiber is still not widely available. The results
obtained by Tang in [5] are based on solving the NLSE by
Volterra series expansion up to the first order. The channel
capacity is determined using the Pinsker’s formula, which is
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valid only if noise is Gaussian. The properties of optical trans-
mission in an analog noisy nonlinear channel with weak dis-
persion management, zero average dispersion, and unlimited
power was considered by Turitsyn et al. in [2].

We investigate single mode systems with return-to-zero (RZ)
pulses (with the same phase) and erbium-doped fiber amplifiers
(EDFA). Data are encoded by presence (or absence) of a pulse
in a bit slot (ON–OFF keying).

Following the approach from our recent publication [6], we
use a method based on Bahl–Cocke–Jelinek–Raviv (BCJR)
algorithm [7] originally proposed in the context of magnetic
channels (see [8] and [9]). This method is centered around prob-
ability density functions (pdf) of the energy at a bit slot given
bit configuration surrounding that slot. In [6], those functions
were numerically approximated in the form of histograms, but
the calculations were computationally extensive, and the results
were very sensitive to the precision of calculation of pdfs. For
details and problems with histogram approach, see [10].

In this paper, we derive analytical estimates for those pdfs.
Most of the previously derived analytical approximations for
the pdfs follow the approach in [11], where the Nyquist–
Shannon sampling theorem is used to present pdfs as a sum
of squared Gaussian variables, therefore resulting in χ2 distrib-
utions. Here, we take a different approach and estimate pdfs by
the method of optimal fluctuations [19] or instantons [20]. Our
approach is very similar to saddle point approaches used in [12]
and [13], among others. However, we calculate the saddle point,
which is “the most damaging” noise configuration, analytically.
Motivation to use this method comes from the fact that bit
errors in modern optical transmission systems are very rare. The
statistics of rare events are dominated by contributions from
very specific randomness realizations (optimal fluctuations).
The concept of optimal fluctuations was first developed in
the context of condensed matter physics; recently, it has been
successfully applied to evaluation of the efficiency (bit error
rate) of forward-correction codes [20].

In the numerical results section of this paper, we apply
the proposed method on a realistic optical communication
system. This is a submarine system that belongs to the class
of dispersion-managed systems, where pieces of optical fiber
with positive (anomalous) and negative (normal) dispersion are
periodically incorporated.

We estimate an achievable information rate of a high-speed
(40 Gbs/s) long-haul optical transmission with an indepen-
dent uniformly distributed (i.u.d.) source when the combined
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effects of amplified-spontaneous-emission (ASE) noise, Kerr
nonlinearity, stimulated Raman scattering (SRS), and chromatic
dispersion (group velocity dispersion (GVD), and second-order
GVD) are considered.

II. INFORMATION RATE AND CAPACITY FOR OPTICAL

TRANSMISSION SYSTEMS

An optical transmission system (channel) is modeled as
an intersymbol interference channel, where m bits on both
sides influence the observed bit. The fact that the observed bit
depends on the bits from both sides is one of the differences
between optical channels and magnetic channels ([8] and [14]),
where only bits on one side influence the observed bit’s value.

A communication channel is described by the conditional
density function of the channel output vector y = (y1, . . . , yn)
with yi ∈ Y , given the channel input (source) vector x =
(x1, . . . , xn) with xi ∈ X . In our case, inputs are binary, that
is, X = {0, 1}. The channel is completely defined by X , Y ,
and the conditional probability function P (Y|X). We shall use
Xj

i to denote (Xi, . . . , Xj).
Information rate is defined as

I(Y ;X) = H(Y ) −H(Y |X) (1)

where H(U) is entropy defined as H(U) = −E(log2 P (U))
for a random variable U . Channel capacity is defined as

C = max I(Y ;X) (2)

where the maximization is performed over all possible input
distributions.

One way of achieving performance close to channel capacity,
in a channel with memory (as optical channel), is to use
nonlinear codes (see, for example, [17]). Here, we address a
problem often encountered in practice: calculating information
rate in the case of independent and uniformly distributed (i.u.d)
channel input source. Therefore, we calculate a lower bound on
the channel capacity.

Shannon–McMillan–Breiman theorem [18] gives that

lim
n→∞

1
n

log2 P (Y n
1 )=E (log2 P (Y )) , with probability 1.

Therefore, the problem of estimating the information rate given
by (1) can be reduced to generating a long sequence yn

1 and
calculating log2 P (yn

1 ).
Expression (1) reduces to

I(Y ;X) = lim
n→∞

1
n

[
n∑

t=1

log2 P
(
yt|yt−1

1 , xn
1

)

−
n∑

t=1

log2 P
(
yt|yt−1

1

)]
. (3)

To calculate an estimate of P (yt|yt−1
1 ), we use a variant of

the BCJR algorithm [7].

Bit configurations (states) can be ordered corresponding to
integer value of states seen as binary numbers. We shall refer to
states by their index, i.e., state st shall be referred to as t.

The forward recursion of the BCJR algorithm is a computa-
tion of P (yt|yt−1

1 ) for t = 1, . . . , n given by

P
(
yt|yt−1

1

)
=
∑
i,j

αt−1(i)PijP (yt|j)

αt(s) =
∑

i αt−1(i)PisP (yt|s)∑
i,j αt−1(i)PijP (yt|j)

where the posterior source/channel state probability mass
function αt(s) is defined as

αt(s) = P
(
St = s|Y t

1 = yt
1

)
.

The factor Pij is a probability of transition from i to j. In the
case of binary i.u.d. source, it is 1/2 for two possible transitions
and zero for others. Probability functions P (yt|j) come from
the physical properties of the channel and depend directly on
the pdfs p(y|j) that shall be derived in the next section.

Before we move further, note that the second term from (3)
P (yt|yt−1

1 , xn
1 ) is exactly equal to P (yt|xt+m

t−m ) if independence
of the noise at different bit locations is assumed. Therefore,
once we know pdfs, we can determine an estimate for the
information rate.

III. PDFS BY USING INSTANTON APPROACH

According to the central limit theorem, short correlated ASE
noise at the position z in the moment t, which is ξ(t, z), can
be considered to be Gaussian with zero mean and uncorrelated
(time in which noise from EFDA is correlated is short even
compared with the duration of the bit slot [21]):

〈ξ(t1, z)ξ(t2, z)〉 = Nδ(t1 − t2)

where N is noise intensity, and correlation is denoted by 〈 〉.
We assume that noise statistics do not depend on transmitted
pulses.

We consider that propagation of noise through fiber is
governed by

iϑz(t, z) + u′(z)ϑtt(t, z) = iξ(t, z). (4)

Nonlinear interaction of the noise is neglected. The dispersion
map function is u′(z), and ϑ(t, 0) = 0.

Solution of (4) is

ϑ(t, z) =

z∫
0

∫
R

G(t− s, y)ξ(s, y)dsdy

where the Green’s function of the linear operator i∂z + u′(z)∂2
t

is given by

G(t, z) =
exp

(
it2

4[u(z)−u(0)]

)
√

4πi [u(z) − u(0)]
.
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Taking into account that

lim
u(z1)→u(z2)

exp
(

i(t1−t2)
2

4[u(z1)−u(z2)]

)
√

4π [u(z1) − u(z2)]
= δ(t1 − t2)

it can be obtained that

lim
u(z1)→u(z2)

〈ϑ(t1, z1), ϑ(t2, z2)〉 = Nzδ(t1 − t2). (5)

The pdf of the energy at the center slot is

p(E|s) =

〈
δ


E −

T/2∫
−T/2

|As(t, z) + ϑ(t, z)|2 dt



〉

ϑ

(6)

where T is the size of a time slot, s is a bit configuration
surrounding the center bit that gives As(t, z) via nonlinear
interaction of the pulses in the absence of noise, and δ(·) stands
for the delta function. Averaging 〈〉ϑ is done over all noise
configurations.

Taking into account (5), (6) can be rewritten as

p(E|s) =
∫

dλ

∫
Dϑ exp


− 1

2Nz

T/2∫
−T/2

|ϑ|2dt




× exp


−iλ


E −

T/2∫
−T/2

|As(t, z) + ϑ(t, z)|2 dt




 (7)

where D denotes path integral.
This integral can be estimated by evaluating it around its

saddle point(s) (optimal fluctuations). Denoting

Φ=


− 1

2Nz

T/2∫
−T/2

|ϑ|2dt− iλ


E −

T/2∫
−T/2

|As+ϑ|2dt






we have

δΦ
δϑ

= 0

δΦ
δϑ∗ = 0

∂Φ
∂λ

= 0

where δ denotes functional derivative.

This system of equations gives

− 1
2Nz

ϑ∗ + iλ(A∗
s + ϑ∗) = 0

− 1
2Nz

ϑ+ iλ(As + ϑ) = 0

E −
T/2∫

−T/2

|As + ϑ|2dt =0 (8)

for all t ∈ [−T/2, T/2].
This system has only one solution for ϑ given by

ϑ =
2iλNz

1 − 2iλNz
As. (9)

This is the noise configuration that has the greatest influence on
energy of the received pulse. It is not surprising that it has the
same shape as the pulse As.

From the system (8), we get

|ϑ+As|2 =
∣∣∣∣ 2iλNz

1 − 2iλNz
As +As

∣∣∣∣
2

=
|As|2

(1 − 2iλNz)2
(10)

for all t ∈ [−T/2, T/2]. By integrating the last expression and
by using the last equation from (8), we get that

E =

T/2∫
−T/2

|As|2
(1 − 2iλNz)2

. (11)

This allows us to express the “optimal” λ in terms of As

and E

2iλNz = 1 −

√∫ T/2

−T/2 |As|2

E
. (12)

In addition

T/2∫
−T/2

|ϑ|2dt = (2iλNz)2E. (13)

Finally, we have the expression for P (E|s). Equation (7) can
be estimated by using the last equality from (8) and (12) and
(13) as

p(E|s) ≈ C exp


− 1

2Nz

(
√
E −

√∫ T/2

−T/2

|As(t, z)|2
)2



(14)

where C is the normalization constant.
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Fig. 1. Scheme of the optical transmission system considered.

Thus, the pdfs are exponential and not Gaussian, as is often
assumed in the existing literature. This implies that tails of these
functions are very hard to obtain numerically. We note that
similar approximations for pdfs have been derived in different
ways; see, for example, [10], [23], and [24].

Noise with any statistics can be easily incorporated, as long
as it is uncorrelated. The expression exp(−(1/2Nz)

∫
|ϑ|2dt)

in (3) is a consequence of using Gaussian noise. Noise
with different statistics will have an expression other than
exp(−(1/2Nz)

∫
|ϑ|2dt), reflecting different density. If noise

is correlated, expressions for the partial derivatives of Φ become
integral equations that need to be solved numerically.

Therefore, instead of running extensive computer simula-
tions to obtain sufficiently precise numerical approximation of
the pdfs (as in [6]), herein, we obtain an estimate of achievable
information rate as follows.

1) The optical transmission system is simulated in the ab-
sence of noise to determine values

∫ T/2

−T/2 |As(t, z)|2.
2) The system is simulated with noise to obtain sequence yn

1

(the value for n should be ∼106 [14]).
3) Estimation for the achievable information rate is obtained

from (3) and (14).

IV. NUMERICAL RESULTS

To illustrate the method, we considered the system in Fig. 1.
As mentioned in the introduction, this system consists of pe-
riodically distributed sections of fiber with positive D+ and
negative dispersion D− separated by amplifiers (EDFA). One
span consists of one section of fiber with positive dispersion,
one section of fiber with negative dispersion, and corresponding
amplifiers (see Fig. 1).

The transmission of a signal through the fiber is modeled by
the NLSE

∂A

∂z
= −α

2
A− i

2
β2
∂2A

∂t2
+
β3

6
∂3

∂t3
+ iγ|A|2A (15)

where z is the propagation distance along the fiber, relative
time t = treal − z/vg gives a frame of reference moving at the
group velocity vg , A(z, t) is the complex field amplitude of
the pulse, α is the attenuation coefficient of the fiber, β2 is
the GVD coefficient, β3 is the second-order GVD, and γ is the
nonlinearity coefficient giving rise to Kerr-effect nonlinearities:
self-phase modulation, intrachannel cross-phase modulation,
and intrachannel four-wave mixing. In short, this calculation
takes into account modulation, extinction ratio, realistic models
of the transmitter, optical filter and electrical filter, crosstalk

TABLE I
PARAMETERS OF THE FIBERS USED

effects, Kerr nonlinearities, ASE noise, and dispersion effects
(GVD and second-order GVD).

In the system simulator, propagation of pulses through the
system, i.e., solving NLSE (15), was done numerically by the
split-step Fourier method [22].

The parameters of positive dispersion D+ and negative dis-
persion D− fibers are given in Table I. Precompensation of
−330 ps/nm and corresponding postcompensation were also
applied. The RZ modulation format has duty cycle of 33%, and
the launched power was set to −6 dBm. EDFA with noise figure
of 8 dB were deployed after every fiber section, the bandwidth
of optical filter was set to 3Rb, and the bandwidth of electrical
filter to 0.65Rb, with Rb being the bit rate (40 Gb/s).

We first ran the system simulator without noise and with
random bit sequence to obtain values Es =

∫ T/2

−T/2 |As(t, z)|2
needed in the pdfs (14). Length of the bit configurations s
was 7 bits. The strength of the map described above is approx-
imately 8, so we calculate the lower bound on the achievable
information rate in the case of an i.u.d. source [15].

The nonlinear distance of this system is roughly 6000 km.
Since we neglected nonlinear interactions between pulses and
noise, the domain of validity of our pdf approximation is less
than two nonlinear distances. Discussion on how to improve
the pdf so that they are valid for longer distances is outside of
the scope of this paper and shall be presented elsewhere [25].
In the Fig. 2, we compare pdfs proposed in this paper with
histograms used in [6] for two bit configurations: 1) with zero
in the center slot s = 0110110 and 2) with “1” at the center slot
s = 0001000. Both bit configurations were propagated through
100 spans. Note also that the number of bins used for the
histograms affects the entropy.

We then ran the system simulator to obtain sequence yn
1

for different number of spans. BCJR was applied to estimate
achievable information rate via (3).

We compare sensitivity of the results to the amplifier noise.
Current EDFA introduce noise at levels of 4–8 dB, so we
considered these levels. Results are presented in Fig. 3. It can
be seen that the achievable information rate is close to one bit
per channel use for reasonable distances (total length of one
span is 50 km). This implies that no high-redundancy forward
error correction code is needed to achieve reliable transmission
but only if sophisticated detection techniques such as BCJR
or Viterbi algorithm are applied at the receiver end (see [10]
and [23]).
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Fig. 2. PDFs after 100 spans.

Fig. 3. Achievable information rates for different noise strength.

V. SUMMARY

We present an approach for estimating achievable informa-
tion rate based on a Monte Carlo method for estimating entropy
(originally proposed in [8] and [9]) and an analytical method for
estimating channel properties. This is flexible and applicable
to a wide range of transmission systems, for example, the
same calculations can be repeated for the non-RZ format by
numerically calculating energy accumulated at the center slot∫ T/2

−T/2 |As(t, z)|2 for bit configurations in this format.
As an illustration, the method was applied to a submarine

optical transmission system operating at a transmission rate
of 40 Gb/s. Numerical results indicate that with an appropri-
ate receiver and for reasonable distances, this kind of a sys-
tem can achieve information rates very close to one bit per
channel use.
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