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Multilevel Coding in M -ary DPSK/Differential
QAM High-Speed Optical Transmission

With Direct Detection
Ivan B. Djordjevic, Member, IEEE, and Bane Vasic, Senior Member, IEEE

Abstract—A bandwidth- and power-efficient modulation
scheme using M -ary differential phase-shift keying (DPSK)/
differential quadrature amplitude modulation (DQAM) and
low-density parity-check (LDPC) codes as component codes in
a multilevel coding (MLC) is proposed for optical transmission
systems with direct detection. An MLC scheme with 2 b/s/Hz
spectral efficiency based on block-circulant component codes
provides the coding gain of 12.3 dB when compared to uncoded
8-DPSK, and 8.3 dB when compared to uncoded 4-DPSK
(QDPSK).

Index Terms—Differential quadrature amplitude modulation
(DQAM), low-density parity-check codes (LDPC), M -ary differ-
ential phase-shift keying (DPSK), Mach–Zehnder interferometer,
multilevel coding, optical communications.

I. INTRODUCTION

MULTILEVEL coding (MLC), proposed by Imai and
Hirakawa in 1977 [1], is a powerful coded modulation

scheme capable of achieving both bandwidth- and power-
efficient communication [2], [3]. The key idea behind the MLC
is to protect the individual bits using different binary codes and
use M -ary signal constellation (for more details, the reader is
referred to [1]–[9]). The decoding is based on so-called multi-
stage decoding (MSD) algorithm, in which decisions from prior
(lower) decoding stages are passed to the next (higher) stages
(see [4]). Despite its attractiveness with respect to large coding
gain, the MLC with the MSD algorithm has serious limitation
for use in high-speed applications, such as optical communica-
tions, which is due to the inherently large delay of the MSD al-
gorithm. One possible solution is to use the parallel independent
decoding (PID) [3]. In the MLC/PID scheme, the information
bit stream is split into L different levels, and the corresponding
bits at different levels are encoded using different encoders, and
then combined into a signal point using appropriate mapping
rule. At the receiver side, decoders at different levels operate
independently and in parallel. For more details on MLC in
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general, an interesting reader is referred to [4], and for more
details on PID to [3]. It has been widely recognized that
the use of Gray mapping and PID at each level separately,
with optimally chosen component codes [3], [5], [6], may
lead to channel capacity approaching performance. Our idea is
to use low-density parity-check (LDPC) codes as component
codes. LDPC codes have been shown to be able to achieve
impressive coding gains on a variety of channels, including
the fiber-optic communication channel [10], [11]. Further-
more, their low-complexity decoding algorithm makes them a
good choice for combining with the low-delay PID scheme.

The second ingredient of our scheme is a proper modulation
format. Phase-shift keying (PSK) has attracted significant at-
tention in late 1980s and early 1990s; however, due to strin-
gent requirements for laser linewidths, precise alignment of
transmitter and receiver center frequencies, and polarization
sensitivity [12], [13], the interest for PSK optical transmission
decreased rapidly, especially after the advent and deployment
of erbium-doped fiber amplifiers (EDFAs). Recently, the direct
detection of differential PSK (DPSK) with a Mach–Zehnder
delay interferometer (MZDI) has generated significant research
attention [14]–[16]. In addition, it has been shown [14] that
return-to-zero (RZ)-DSPK can further facilitate the implemen-
tation and improve the nonlinearity tolerance of PSK. How-
ever, it is well known that [17], for a given constellation size
(and M > 4), quadrature amplitude modulation (QAM) is
more power efficient at moderate to high signal-to-noise ratios
(SNRs) on an additive white Gaussian noise (AWGN) channel.
The superior performance of M -ary QAM can only be realized
if the system operates in the regime of weak fiber nonlinearities.
Bandwidth-efficient schemes considered so far in literature
are designed for coherent PSK [1]–[9] and are not directly
applicable in high-speed optical transmission with direct de-
tection. The key technological issue to be solved before the
practical implementation is to provide a method of a reasonable
complexity that will provide sufficiently accurate amplitude
estimates for QAM demodulation. Warrier and Madhow [18]
and Chen et al. [19] give an excellent approach to a design
of power-efficient amplitude/phase constellations and near-
optimal low-complexity implementation of noncoherent block
demodulation. However, the complexity of a joint noncoherent
demodulation and decoding scheme given in [19] is too high,
and the code rate is too low for high-speed implementation.

In this paper, we propose transmitter and receiver con-
figurations suitable for M -ary DPSK (M-DPSK) and M -ary
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Fig. 1. (a) Optical M-DPSK/M-DQAM transmitter configuration. DFB—distributed feedback laser. MZM—Mach–Zehnder modulator. S/P—serial-to-parallel
converter. ML—multilevel encoding. Gray mapper: M-DPSK or M-DQAM Gray mapping. (b) 8-DPSK constellation diagram. (c) 8-DQAM constellation diagram.

differential QAM (M-DQAM) optical transmission, and study
LDPC codes suitable for MLC in bandwidth-efficient optical
transmission with direct detection. Our transmitter and re-
ceiver configurations are based on the recent optical 4-DPSK
(QDPSK) scheme [15], [16]. Two classes of LDPC codes,
namely, random like and structured, both with spectral effi-
ciency of 2 b/s/Hz or higher, are investigated.

II. M-DPSK/M-DQAM TRANSMITTER/RECEIVER

CONFIGURATION

Optical M-DPSK and M-DQAM modulations achieve the
transmission of log2 M (= L) bits per symbol, providing
power- and bandwidth-efficient communication. The block
scheme of a transmitter is shown in Fig. 1, which is, in fact,
the generalized QDPSK transmitter scheme proposed in [15].
Since the modulation is differential, at each kth transmission
interval, the data phasor φk = φk−1 +∆φk is sent, where
∆φk ∈ {0, 2π/M, . . . , 2π(M − 1)/M} is determined by the
sequence of log2M input bits using the Gray mapping rule
[17]. As an illustration, the 8-DPSK and 8-DQAM constellation
diagrams are given in Fig. 1(b) and (c), respectively, and the
corresponding Gray mapping rule is given in Table I. The
transmitted signal may be written in complex notation as

s(t) =
∑

k

Ikg(t− kT ) + jQkg(t− kT ) (1)

TABLE I
8-DSPK/8-DQAM GRAY MAPPING RULE

where Ik andQk are given in Table I (j2 = −1, g(t) is the pulse
shape). The average transmitted power for 8-DPSK is A2, and
that for 8-DQAM is 4.73A2. The coordinates of signal points
are normalized by A. In the simulations, A is chosen in such
a way that both 8-DPSK and 8-DQAM have the same average
power.

As we recently pointed out [20], any amplitude/phase con-
stellation can be obtained by employing a single dual-drive
(push–pull) Mach–Zehnder modulator (MZM) instead of a
conventional transmitter with two MZMs [Fig. 1(a)].

The M-DPSK and M-DQAM receiver configuration is given
in Fig. 2, which is, again, the generalization of QDPSK receiver
configuration from [15] and [16]. It is straightforward to show
that for the receiver input Ek = |Ek| exp(jϕk), the outputs of
upper and lower branches are proportional to Re{EkE

∗
k−1} and
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Fig. 2. M-DPSK/M-DQAM receiver configuration based on MZDIs. (Ts denotes the symbol duration.)

Fig. 3. (a) Transmitted and (b) received (upper branch of Fig. 2) eye diagrams of RZ-8-DPSK at 40 Gsymbols/s.

Im{EkE
∗
k−1}, respectively. In principle, the phase difference

∆ϕk = ϕk − ϕk−1 can be determined from the ratio of the
lower and upper branch outputs by

Im
{
EkE

∗
k−1

}
Re

{
EkE∗

k−1

} =
|Ek||Ek−1| sin ∆ϕk

|Ek||Ek−1| cos ∆ϕk
= tan ∆ϕk. (2)

Notice that the phase difference can be determined from the
lower and upper branch signals even when the amplitude of
pulses into two consecutive intervals |Ek| and |Ek−1| are
different. Therefore, the arbitrary QAM constellation, including
square constellation, can be applied, provided that no pair of
signal points has the same phase. The above approach is given
for the sake of explanation, but it is not used in simulations
because of problems with uniqueness of tan ∆ϕk.

The Euclidean distance between neighboring points of the
star 8-DQAM constellation in Fig. 1(c) is 2, provided that the
radius of the inner circle is

√
2, and the radius of the outer circle

is 1 +
√

3. It is known to be the best 8-QAM constellation, since
it requires the least power for a given minimum distance among
neighboring constellation points [17]. Corresponding Euclidean
distance of 8-DPSK constellation in Fig. 1(b) is 2A sin(π/8) (to
keep the same average power, A is chosen to be

√
4.73), and,

therefore, an 8-DQAM system operating at 10 Gsymbols/s is
expected to perform better than an 8-DPSK one in the regime

of weak nonlinearities. At 40 Gsymbols/s, the 8-DQAM-based
system is more sensitive to self-phase modulation (SPM) and
intrachannel four-wave mixing (FWM), because different sig-
nal points are transmitted with different peak powers. However,
to fully exploit the advantages of DQAM, a modified block
differential encoding is to be used. This block encoding is pro-
posed in [18] and accounts for the noncoherent metric. Instead
of being used to determine the transmitted phase according to
(2), the receiver outputs (upper and lower branches of Fig. 2)
are now processed by the soft parallel independent decoders
as shown in Fig. 6(b). Notice that proposed transmitter and re-
ceiver configurations are valid for any M and any soft decision
decoding, while the recently proposed 8-DPSK scheme [21] is
suitable only for implementation with hard decision forward
error correction (FEC) schemes.

As an illustration of the validity of proposed transmitter and
receiver configurations, eye diagrams of a transmitted and a
received RZ-8-DPSK signal at 40 Gsymbols/s (after two spans
of dispersion map given in Section IV and launched power of
0 dBm) are shown in Fig. 3. The average power spectral densi-
ties of RZ-DPSK and RZ-8-DPSK are shown in Fig. 4. The eye
diagrams of a transmitted and a received 8-DQAM signals are
shown in Fig. 5(a), (b), while the power spectral density is given
in Fig. 5(c). Notice that the main lobe widths of 8-DPSK and
8-DQAM spectra are three times lower than that of DPSK.
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Fig. 4. Power spectral densities of (a) RZ-8-DPSK and (b) RZ-DPSK at 40 Gsymbols/s (duty cycle: 0.33).

Fig. 5. (a) Transmitted and (b) received (upper branch of Fig. 2) eye diagrams of 8-DQAM at 40 Gsymbols/s. (c) Power spectral density of RZ-8-DQAM.

III. MULTILEVEL CODING

The block diagram of the proposed MLC/PID scheme
is shown in Fig. 6. The source bit stream is split into
L (= log2M) different levels, and the corresponding bits at

different levels ui (i = 0, 1, . . . , L− 1) are encoded using
different LDPC encoders, and then combined into a signal
point using the Gray mapping rule and differential encod-
ing as explained in Section II (see Table I). Two orthogonal
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Fig. 6. Block diagram of MLC/PID. (a) Multilevel encoder. (b) Parallel independent decoders.

electrical streams (in-phase Ik and quadrature Qk) are driven
to the RF inputs of MZMs according to Fig. 1(a). Each bit
ci, i = 0, 1, . . . , L− 1, is protected by a different LDPC code
of rate Ri = ki/n, where ki is the information word length
of the ith component code and n is the codeword length.
The Gray mapping device maps a binary vector (c0, c1, . . . ,
cL−1) into a signal point (Ik, Qk). As an illustration, the Gray
mapping rules for 8-DPSK and for 8-DQAM constella-
tions are given in Fig. 1(b) and (c) and Table I.

It is straightforward to show [3] that the spectral efficiency
Rs is equal to the sum of the individual code rates Ri = ki/n

Rs =
L−1∑
i=0

Ri =
1
n

L−1∑
i=0

ki =
k

n
, k =

L−1∑
i=0

ki. (3)

In a receiver, all LDPC decoders operate independently
and in parallel. The LDPC decoders input reliabilities L(uj),
which are calculated from the symbol reliabilities λ(u), u =
(u0, u1, . . . , uL−1) as

L(uj) = log

∑
u:uj

= 1exp[λ(u)]∑
u:uj

= 0exp[λ(u)]
(4)

while the symbol reliabilities are calculated from channel sam-
ples r = (x,y) (x and y are obtained by sampling the outputs
of upper and lower branches in Fig. 2, respectively)

λ(u) = log
P (u|r)
P (0|r)

. (5)

TABLE II
MLC/PID SCHEMES EMPLOYED IN SIMULATIONS

In (4), the summation is done over all vectors in which the jth
component is 1 for the numerator and 0 for the denominator.
P (u|r) is determined using Bayes’ rule

P (u|r) =
P (r|u)P (u)∑
v P (r|v)P (v)

(6)

and P (r|u) is estimated from the channel by determination
of histograms. In the calculation of LDPC decoder input re-
liabilities L(uj), the “max-star” operator is applied recur-
sively [22] as

max∗(x, y) = max(x, y) + log
(
1 + e−|x−y|

)
(7)

where the max∗ is defined as max∗(x, y) = log(ex + ey).

IV. NUMERICAL RESULTS

The simulation results for different LDPC component codes,
described in Table II, for 8-DPSK scheme with Gray mapping
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Fig. 7. BER performance of MLC/PID with 8-DPSK for AWGN channel model at 40 Gsymbols/s based on the Gray mapping rule.

at 40 Gsymbols/s are shown in Fig. 7. The uncoded curves are
obtained from (4) by

ûj =
{

1, if L(uj) > 0
0, otherwise.

Since in fiber-optic communications, the optical SNR
(OSNR) is more commonly used as a figure of merit than
the SNR, SNR per bit is translated into OSNR with 0.1 nm
resolution bandwidth when both polarizations are taken into
account, similarly as in [14]. Two types of LDPC codes,
namely, random-like codes [23] and structured codes [24]–[26],
are considered as component codes for several spectral ef-
ficiencies. Interestingly, for the same spectral efficiency, the
scheme based on a longer random code [23] performs the
same as shorter structured code [24]. The MLC/PID scheme
of spectral efficiency 2.251 b/s/Hz based on block-circulant
component codes [25] provides the coding gain of 9.45 dB at
a bit error rate (BER) of 10−7. The expected coding gain at a
BER of 10−10 is ∼ 12.1 dB. The MLC/PID scheme with block-
circulant codes [25] significantly outperforms the one based
on array codes [26]. At a BER of 10−10, the expected coding
gain of the block-circulant MLC/PID scheme of spectral effi-
ciency 2 b/s/Hz is around 12.3 dB when compared to uncoded
8-DPSK, and ∼ 8.3 dB when compared to uncoded QDPSK.
Gray mapping demonstrates superiority over natural mapping
(with an improvement of approximately 1.6 dB at a BER of
10−10, and larger improvements for lower BER values).

MLC/PID BER performance for different signal mappings
is shown in Fig. 8. For the sake of conciseness (similarly as
in [27]), we use the eight-component vector to represent an
8-DPSK mapper, where every component is a decimal repre-

sentation of corresponding binary bits mapped in that signal
point. For example, the Gray mapping in Fig. 1(b) (or Table I)
may be represented as (0,1,3,2,6,7,5,4). The maximum squared
Euclidean weight (MSEW) mapping doped with 50% of Gray
mapping (proposed in [27]) performs better than natural map-
ping, but still worse than Gray mapping.

For the 8-DPSK scheme with spectral efficiency of 2 b/s/Hz,
the optimum distribution of component code rates is used as
explained in [3]. However, to keep the hardware complexity
low, we use highly structured LDPC codes as opposed to
irregular codes with optimum node degree distribution that
are used in [3]. Notice that the performance can be further
improved by the following methods: 1) optimizing the code
rate ratio for 8-DPSK; 2) using optimum irregular codes; 3)
using the optimum mapping rule; and 4) using the optimum
dispersion map. Of course, this gain is possible at the expense
of increased complexity. Unfortunately, highly irregular LDPC
codes are difficult to implement at bit rates of interest in fiber-
optic communications (10 or 40 Gb/s).

The results of time-extensive Monte Carlo simulations for the
dispersion map in Fig. 9 are shown in Fig. 10. The dispersion
map is composed of N spans of length L = 48 km, each span
consisting of 2L/3 km of D+ fiber followed by L/3 km of
D− fiber. D+ fiber has a dispersion of 20 ps/(nm · km), a
dispersion slope of 0.06 ps/(nm2 · km), an effective area equal
to 110 µm2, and loss equal to 0.19 dB/km. The D− fiber
has a dispersion of −40 ps/(nm · km), a dispersion slope of
−0.12 ps/(nm2 · km), an effective area equal to 30 µm2, and
loss equal to 0.25 dB/km. The nonlinear Kerr coefficient is set
to 2.6 × 10−20 m2/W in both types of fibers. The precompen-
sation of −320 ps/nm and corresponding postcompensation of
320 ps/nm are also employed. The EDFAs with a noise figure
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Fig. 8. MLC/PID BER performance for different symbol mappings at 40 Gsymbols/s.

Fig. 9. Dispersion map under study.

Fig. 10. BER performance of 2-b/s/Hz block-circulant MLC/PID with 8-DPSK and 8-DQAM for the dispersion map in Fig. 9 at 40 Gsymbols/s.

of 5 dB are deployed after every fiber section. The simulations
were carried out with the launched powers per symbol −3, 0,
and 3 dBm, and a central wavelength of 1552.524 nm. 8-DPSK
and 8-DQAM with RZ pulses of duty cycle 33% are con-

sidered. The propagation of a signal through the transmission
media is modeled by a nonlinear Schrödinger equation [28]
solved using the split-step Fourier method. The effects of Kerr
nonlinearities (SPM, intrachannel cross-phase modulation, and



DJORDJEVIC AND VASIC: MULTILEVEL CODING IN M -ARY DPSK/DQAM HIGH-SPEED OPTICAL TRANSMISSION 427

intrachannel FWM), stimulated Raman scattering, dispersion
[group-velocity dispersion (GVD) and second-order GVD],
crosstalk, and intersymbol interference are taken into account.
Similarly, as in ON–OFF–OFF keying (OOK) optical trans-
mission [11], AWGN channel model underestimates BER
performance. In the presence of intrachannel nonlinearities,
8-DPSK performs better than 8-DQAM. Probability density
functions determined from simulations are different for dif-
ferent launched powers, resulting in a slightly different BER
performance in Fig. 10. For Gray mapping, the differences in
BER performance are negligible. Notice that the MLC design
is done independently of the design of the dispersion map, and
it would be interesting to investigate if a joint optimization
leads to further performance improvements; however, this prob-
lem is beyond the scope of the paper.

In calculation of BER performance, shown in Fig. 10, an
encoded sequence of length 215 is transmitted many times over
the whole transmission system for different amplified sponta-
neous emission (ASE) noise realizations. The number of spans
is changed from 20 to 100 depending on modulation format
and launched power. In calculation of initial likelihoods, the
probability density functions determined from the simulation
are employed.

The results of the simulations are obtained by maintaining a
double precision for soft information. In our recent paper [29],
we have shown that proper choice in number of quantization
bits results in a negligible BER performance loss.

The efficient realization of the sum–product decoding algo-
rithm proposed in [30] is employed in the simulations. Decod-
ing halts when a valid codeword is generated or 25 iterations
has been reached.

V. CONCLUSION

In conclusion, the MLC scheme based on LDPC codes as
component codes is proposed for use in optical M-DPSK and
M-DQAM communication systems with direct detection. For
spectral efficiency of 2 b/s/Hz, the proposed 8-DPSK scheme
based on block-circulant LDPC codes as component codes and
the Gray mapping rule provides the coding gain of 12.3 dB
(at a BER of 10−10) with respect to an uncoded 8-DPSK.
Notice that it significantly outperforms (∼ 6 dB at 10−13)
the recently proposed optical trellis-coded modulation scheme
[31]. It should be also noted that the overhead of our codes is
33% or less, while the code in [31] has an overhead of 100%.
Based on the recently proposed QDPSK scheme [15], [16], the
transmitter and receiver configurations are generalized for use
in any M-DPSK and M-DQAM optical communication system
with direct detection.
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