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Undersampling in the detector array degrades the performance of iris-recognition imaging systems.
We find that an undersampling of 8 × 8 reduces the iris-recognition performance by nearly a factor of
4 (on CASIA iris database), as measured by the false rejection ratio (FRR) metric. We employ optical
point spread function (PSF) engineering via a Zernike phase mask in conjunction with multiple sub-
pixel shifted image measurements (frames) to mitigate the effect of undersampling. A task-specific
optimization framework is used to engineer the optical PSFand optimize the postprocessing parameters
to minimize the FRR. The optimized Zernike phase enhanced lens (ZPEL) imager design with one
frame yields an improvement of nearly 33% relative to a thin observation module by bounded optics
(TOMBO) imager with one frame. With four frames the optimized ZPEL imager achieves a FRR equal
to that of the conventional imager without undersampling. Further, the ZPEL imager design using
16 frames yields a FRR that is actually 15% lower than that obtained with the conventional imager with-
out undersampling. © 2010 Optical Society of America

OCIS codes: 110.1758, 100.3008, 070.5010, 100.4995.

1. Introduction

Many modern defense and security applications re-
quire automatic recognition and verification services
that employ a variety of biometrics such as facial fea-
tures, hand shape, voice, fingerprints, and iris. The
iris is the annular region between the pupil and outer
white sclera of the eye. Iris-based recognition has
been gaining popularity in recent years, and it has
several advantages compared to other traditional
biometrics such as fingerprints and facial features.
The iris-texture pattern represents a high density
of information, and the resulting statistical unique-
ness can yield false recognition rates as low as 1 in
1010 [1–3]. Further, it has been found that the human
iris is stable over the lifetime of an individual and is
therefore considered to be a reliable biometric [4].
Iris-based recognition systems rely on capturing

the iris-texture pattern with a high-resolution imag-
ing system. This places stringent demands on
imaging optics and sensor design. Traditional high-
resolution optical designs with small F=# result in a
small depth-of-field, which limits the usable volume
within which a successful image capture is possible.
Several researchers have explored phase-mask
based approaches to extend the depth-of-field of the
high-resolution imaging systems employed for iris
recognition [5–8]. Another design challenge with
such imaging systems is that the overall imaging re-
solution can be limited by the undersampling in the
detector array, and the resulting distortion can se-
verely degrade the iris-recognition performance.
Therefore, overcoming the detector-induced under-
sampling becomes a critical issue in design of an
iris-recognition imaging system. In this paper, we
will focus on addressing the detector-limited resolu-
tion in an iris-recognition imaging system design.

A natural approach to improve the imaging
resolution beyond the detector limit, inspired by
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the Papoulis’s generalized sampling theorem [9], is
to employ multiple subpixel shifted measure-
ments within a TOMBO (thin observation module
by bounded optics) imaging system architecture
[10,11]. However, this approach does not exploit
the optical degrees of freedom available to the de-
signer, and more importantly, it does not address
the specific nature of the iris-recognition task. Re-
searchers have exploited the optical degrees of free-
dom to extend the depth-of-field of iris-recognition
systems [5–8] as mentioned earlier, but we are not
aware of any previous work that has examined un-
dersampling in iris-recognition imaging systems spe-
cifically from this point of view. In this paper, we
propose an approach that involves engineering the
optical point spread function (PSF) of the imaging
system in conjunction with use of multiple subpixel
shifted measurements. It is important to note that
the goal of our approach is to maximize the iris-
recognition performance and not to increase the
overall resolution of the imaging system directly. To
accomplish this goal, we employ an optimization
framework to engineer the optical PSF and optimize
the postprocessing system parameters. The perfor-
mance metric used within our optimization frame-
work is false rejection ratio (FRR) for a given fixed
false acceptance ratio (FAR) [12]. This task-specific
metric is key to our design method and represents
the design goal of maximizing the iris-recognition
performance directly. The mechanism of modifying
the optical PSF employs a phase mask in the aper-
ture stop of the imaging system. This phase mask is
defined with Zernike polynomials, and the coeffi-
cients of these polynomials serve as the optical de-
sign parameters. The aforementioned optimization
framework is used to design imaging systems for
various numbers of subpixel shifted measurements.
The CASIA iris database [13] is used in the optimi-
zation framework and also serves to quantify the
performance of the resulting optimized imaging sys-
tem designs.

2. Imaging System Model

In this study, an iris-recognition imaging system is
composed of three components: (1) the optical imag-
ing system, (2) the reconstruction algorithm, and
(3) the recognition algorithm. The optical imaging

system consists of multiple subapertures with iden-
tical optics. This multiaperture imaging system pro-
duces a set of subpixel shifted images on the detector
array similar to a TOMBO imaging system. The task
of the reconstruction algorithm is to combine these
image measurements to form an estimate of the ob-
ject. Finally, the iris-recognition algorithm operates
on this object estimate and either accepts or rejects
the iris as a match. We begin by describing the multi-
aperture imaging system.

A. Multiaperture Imaging System

Figure 1 shows the system layout of the multiaper-
ture (MA) imaging system. The number of subima-
gers comprising the MA imaging system is denoted
by K. The detector array in the focal plane of the
MA imager generates K image measurements,
where the kth measurement (also referred to as a
frame) is denoted by gk. The detector pitch d of the
detector array relative to the Nyquist sampling
interval δ, determined by the optical cutoff spatial
frequency ρc, defines the undersampling factor:
F ¼ d=δ × d=δ. Therefore, for an object of size N ×
N pixels the kth subimager produces an under-
sampledmeasurement gk of dimensionM ×M, where
M ¼ ⌈N=

ffiffiffiffi
F

p
⌉. Mathematically, the kth frame can be

expressed as

gk ¼ Hkf þ nk; ð1Þ

where f is a N2 × 1 dimensional vector formed by a
lexicographic arrangement of a two-dimensional
(N ×N) discretized representation of the object, Hk
is the M2 ×N2 discrete-to-discrete imaging operator
of the kth subimager, and nk denotes the M2 × 1 di-
mensional measurement error vector. Here we model
the measurement error nk as zero-mean additive
white Gaussian noise (AWGN) with variance σ2n.
Note that the imaging operator Hk is different for
each subimager and is expressed as

Hk ¼ DCSk; ð2Þ

where Sk is the N2 ×N2 shift operator that produces
a two-dimensional subpixel shift ðΔXk;ΔYkÞ in
the kth subimager, C isN2 ×N2 convolution operator
that represents the optical PSF, and D is theM2 ×N2
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Fig. 1. PSF-engineered multiaperture imaging system layout.
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downsampling operator, which includes the effect of
spatial integration over the detector and the under-
sampling caused by the detector array. Note that the
convolution operator C does not vary with k
because the optics are assumed to be identical in
all subimagers. By combining the K measure-
ments we can form a composite measurement g ¼
fg1g2…gKg that can be expressed in terms of the ob-
ject vector f as follows:

g ¼ Hcf þ n; ð3Þ
where Hc ¼ fH1H2 � � �HKg is the composite imaging
operator of size KM2 ×N2 obtained by stacking the
K imaging operators corresponding to each of the
K subimagers and n is the composite noise vector de-
fined as n ¼ fn1n2…nKg.
As mentioned earlier, the optical PSF is engi-

neered by placing a phase mask in the aperture stop
of each subimager. The pupil function tpupilðρ; θÞ of
each subimager is expressed as [14]

tpupilðρ; θÞ ¼ tampðρÞ exp
�
j2πðnr − 1Þtphaseðρ; θÞ

λ

�
; ð4Þ

where ρ and θ are the polar coordinates, nr is the
refractive index of the phase mask, tampðρÞ ¼
circ

�
ρ=Dap

�
is the circular pupil-amplitude function

(Dap denotes the aperture diameter), tphaseðρ; θÞ re-
presents the pupil-phase function (i.e. phase-mask
profile), and λ is the wavelength. A Zernike polyno-
mial of order P is used to define the pupil-phase func-
tion as follows:

tphaseðρ; θÞ ¼
XP
i¼1

ai · Ziðρ; θÞ; ð5Þ

where ai is the coefficient of the ith Zernike polyno-
mial denoted by Ziðρ; θÞ [15]. In this paper, we will
use Zernike polynomials with terms up to P ¼ 24.
The resulting optical PSF hðρ; θÞ is expressed as [16]

hðρ; θÞ ¼ Ac

ðλf lÞ4
����Tpupil

�
−

ρ
λf l

; θ
�����

2
; ð6Þ

TpupilðωÞ ¼ F 2ftpupilðρ; θÞg; ð7Þ

where ω is the two-dimensional spatial frequency
vector, Ac is a normalization constant with units
of area, f l is the back focal length, and F 2 de-
notes the two-dimensional forward Fourier trans-
form operator.
A discrete representation of the optical PSF

hdðl;mÞ, required for defining the C operator, is ob-
tained as follows:

hdðl;mÞ ¼
Zd2

−d
2

Zd2

−d
2

hðx − ld; y −mdÞdxdyfðl;mÞ∶l

¼ −L…L;m ¼ −L…Lg; ð8Þ

where ð2Lþ 1Þ2 is the number of samples used to
represent the optical PSF. Note that a lexicographic
ordering of the hdðl;mÞ yields one row of C and all
other rows are obtained by lexicographically order-
ing the appropriately shifted version of this discrete
optical PSF.

B. Reconstruction Algorithm

The measurements from the K subimagers compris-
ing the MA imaging system form the input to the
reconstruction algorithm. We employ a reconstruc-
tion algorithm based on the linear minimum mean
square error (LMMSE) criteria. The LMMSEmethod
is essentially a generalized form of the Wiener filter,
and it operates on the measurement in the spatial
domain without the assumption of shift invariance.
Given the imaging model specified in Eq. (3) the
LMMSE spatial operator W can be written as [17]

W ¼ RffHT
c ðHcRffHT

c þ RnnÞ−1; ð9Þ

where Rff is the object autocorrelation matrix and
Rnn is the noise autocorrelation matrix. Here we as-
sume that noise is zero-mean AWGN with variance
σ2n and therefore Rnn ¼ σ2nI. Note that for an object of
sizeN2 and measurement of size KM2, the size of the
W matrix is N2 × KM2. For even a modest object size
of 280 × 280, as is the case for the work reported here-
in, computing the W matrix becomes intractable.
Therefore, we adopt an alternate approach that does
not rely on directly computing matrix inverses but
instead uses a conjugate-gradient method to com-
pute the LMMSE solution iteratively. Before we de-
scribe the iterative algorithm, we first need amethod
to estimate the object autocorrelation matrix Rff .
Note that the object of interest in the iris-recognition
task is the iris itself. This suggests that the object
autocorrelation should only include the iris statis-
tics; however, it is important to note that the iris
can only be located in the context of other local fea-
tures such as outer sclera, eyelashes, and eyebrow.
Therefore, we include all regions in the iris sample
images for estimating the object autocorrelation ma-
trix. A training set of 40 subjects with 4 iris samples
for each subject, randomly selected from the CASIA
iris database, yields a total of 160 iris object samples.
Figure 2 shows example iris objects from the training
dataset. The kth iris object yields the sample autocor-
relation function rkff , which is used to estimate the ac-
tual autocorrelation function as follows:

R̂ff ¼
1

160

X160
k¼1

rkff : ð10Þ

The corresponding estimated power spectral density
Ŝff can be written as [18]

ŜffðρÞ ¼ F 2ðR̂ffÞ: ð11Þ
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To obtain a smooth approximation, we use the follow-
ing parametric function Sff to fit to the estimated
power spectral density Ŝff [19,20]:

SffðρÞ ¼
σ2f

ð1þ 2πμdρ2Þ32
: ð12Þ

Note that because the iris is circular, we assume a
radially symmetric power function Sff . A least square
fit to ŜffðρÞ yields a σf ¼ 43589 and μd ¼ 0:489. A ra-
dial profile of the object power spectral density esti-
mated from the training set along with parametric fit
defined in Eq. (12) are shown in Fig. 3.
In general, a conjugate-gradient algorithm mini-

mizes the following form of quadratic objective func-
tion Q [16]:

Qðf̂Þ ¼ 1
2
f̂ tAf̂ − btf̂: ð13Þ

For the LMMSE criteria, A ¼ HT
c Hc þ σ2R−1

ff and
b ¼ HT

c g. Within our iterative conjugate gradient-
based algorithm we use a conjugate vector pj instead
of the gradient of the objective Qðf̂Þ to achieve a fas-
ter convergence to the LMMSE solution [21]. The
(kþ 1)th update rule can be expressed as [16]

f̂kþ1 ¼ f̂k þ αkpk; ð14Þ

αk ¼ −
ptk∇Qk

dk
; ð15Þ

where ∇Qk denotes the gradient of objective func-
tion Qk evaluated at the kth step and pk is conjugate
to all previous pj, j < k (i.e., ptjApk ¼ djδjk), δjk is the
Kronecker-delta function, and dk is the ∥ · ∥2 norm of
the pk vector. The stopping criteria is specified to be

when the residual vector rk ¼ ∇Qk ¼ Af̂k − b changes
less than β% over the last iteration
(i.e., ðrk−1 − rkÞ=rk−1 ≤ β=100).
C. Iris-Recognition Algorithm

The object estimate obtained with the reconstruction
algorithm is processed by the iris-recognition algo-
rithm to make the final decision. There are three
main processing steps that form the basis of the
iris-recognition algorithm. The first step involves a
segmentation algorithm that extracts the iris, pupil,
and eyelid regions from the reconstructed object.
The segmentation algorithm used in this paper is
adapted from Ref. [22] with the addition of eyelid
boundary detection. The output of the segmentation
algorithm yields an estimate of the center and radius
of the circular pupil and iris regions and also the
boundaries of the upper and lower eyelids in the
object. Figure 4(a) shows an example iris image that
was processed with the segmentation algorithm. The
pupil and iris regions are outlined by circular
boundaries, and the upper/lower eyelid edges are re-
presented by the elliptical boundaries. This informa-
tion is used to generate a mask Mðx; yÞ that extracts
the annular region between iris and pupil boundaries
that contains only the unobscured iris-texture re-
gion. An example of the masked iris region is shown
in Fig. 4(b). The extracted iris-texture region is the
input to the next processing step. Given the center
and radius of the pupil and the iris regions, the
annular iris-texture region is unwrapped into a rec-
tangular area aðρ; θÞ using Daugman’s homogenous
rubber sheet model [23]. The size of the rectangular
region is specified as Lρ × Lθ with Lρ rows along the
radial direction and Lθ columns along the angular
direction. Figure 4(c) shows an example of an un-
wrapped rectangular region with Lρ ¼ 36 and Lθ ¼
224. In the next step, a complex log-scale Gabor filter
is applied to each row to extract the phase of the un-
derlying iris-texture pattern. The complex log-scale
Gabor filter spectrum GlogðρÞ is defined as [24]

Fig. 2. Iris examples from the training dataset.
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Fig. 3. (Color online) Model fit and training estimate of the object
power spectral density: a radial profile.
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GlogðρÞ ¼ exp

0
@−

log
�

ρ
ρo

�

2 log
�
σg
ρo

�
1
CA; ð16Þ

where ρo is the center frequency of the filter and σg
specifies its bandwidth. Note that this filter is only
applied along the angular direction, which corre-
sponds to pixels along the circumference of a circle
in the original object. The angular direction is chosen
over the radial direction because the maximum
texture variation occurs along this direction [22].
The phase of the complex output of each Gabor filter
is then quantized into four quadrants using two bits.
The four-level quantized phase is coded using a Grey
code so that the difference between any two adjacent
quadrants is one bit. This Grey coding scheme en-
sures that any misalignment between two similar
iris codes results in a minimum of errors. The quan-

tized phase results in a binary pattern, shown in
Fig. 4(d), which is referred to as an “iris code.”

In the final step, the iris-recognition task is per-
formed based on the iris code obtained from the test
object. To determine whether the given iris code de-
noted by tcode matches any iris code in the database a
score is computed. The score denoted by sðtcodeÞ is de-
fined as

sðtcodeÞ ¼min
k;i dhdðtcodeckmask;RiðrkcodeÞckmaskÞ; ð17Þ

where rkcode is the kth reference iris code in the data-
base, ckmask is a mask that represents the unobscured
bits common among the test and the reference iris
codes, Ri is a shift operator which performs an i-pixel
circular shift along the angular direction, and dhd is
the Hamming distance operator. All shifts in the
range fi∶ −O…þOg are considered, where O de-
notes the maximum shift. The dhd operator is defined
as follows:

Fig. 4. Examples of (a) iris segmentation, (b) masked iris texture region, (c) unwrapped iris, and (d) iris code.
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dhdðtcodecmask; rcodecmaskÞ ¼
Pðtcodecmask⊕rcodecmaskÞ

W
;

ð18Þ
where W is the weight (i.e., number of all 1’s) of the
mask cmask, and the ⊕ symbol denotes the XOR op-
eration. The normalized Hamming distance score de-
fined in Eq. (18) is computed over all iris codes in the
database. The iris code is shifted to account for any
rotation of the iris in the object. Finally, the following
decision rule is applied to the minimum iris score
sðtcodeÞ:

sðtcodeÞ ≶
H0

H1

THD; ð19Þ

which translates to: accept the null hypothesis H0 if
the score is less than threshold THD; otherwise ac-
cept the alternative hypothesis H1. The null hypoth-
esis H0 is that the test iris code is a match, and the
alternate hypothesis H1 indicates that no match
was found. The threshold THD determines the perfor-
mance of the iris-recognition system as summarized
by the FRR and FAR statistics. Note that for a fixed
FAR the THD value is chosen so as to minimize the
FRR statistics, and therefore THD cannot be con-
sidered a free parameter in the iris-recognition
algorithm.

3. Optimization Framework

The goal of our optimization framework is to enable
the design of an iris-recognition system that mini-
mizes FRR for a fixed FAR in the presence of under-
sampling. Figure 5 illustrates the definitions of FRR
and FAR in the context of intraclass distance and
interclass distance probability densities. The intra-
class distance refers to the set of distances between
iris codes of the same subject, whereas the interclass

distance refers to the set of distances between iris
codes of different subjects. The rationale behind this
choice of performance metric is that the cost/risk of
not recognizing an iris that is actually enrolled (de-
fined as false rejection error, which is a type II error)
in the database is far greater than the cost/risk of re-
cognizing an iris as a match when it is not enrolled in
the database (defined as false acceptance error, a
type I error) in a “search” type security application.
In these applications the main task is to identify
certain subject(s) in a general population. Note that
the FRR and FAR errors cannot be reduced simulta-
neously. In this study we set FAR to 0.001. We recog-
nize that this specific FAR value may not represent
an optimal choice for an actual system implementa-
tion, however; here it only serves as a representative
value in our optimization framework.

In the MA imaging system the coefficients of the
Zernike polynomials, which describe the pupil-phase
function, represent the optical design parameters.
The parameters of the reconstruction algorithm (β)
and the iris-recognition algorithm ðρo; σg;Lρ;Lθ;OÞ
comprise the degrees of freedom available in the com-
putational domain. Ideally, a joint optimization of
the optical and the postprocessing parameters would
yield the maximum iris-recognition performance.
However, the resulting optimization process becomes
computationally intractable due to the high com-
putational complexity of evaluating the objective
function coupled with the large number of design
variables. To understand the computational com-
plexity of the objective function itself, consider that
its computation involves the estimation of the intra-
class and interclass iris distance probability den-
sities. This requires computing iris codes from a large
set of reconstructed iris objects and comparing them
to the reference iris database. In this paper, we use
a training dataset with 160 iris object samples,
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Fig. 5. (Color online) Illustration of FRR and FAR definitions in the context of intraclass and interclass probability densities.
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described in Subsection 2.B. In order to generate a
statistically reliable estimate of the interclass and
intraclass distance probability densities, we need
to generate a large set of iris-code samples. This is
achieved by simulating an iris object for 10 random
noise realizations yielding as many iris codes for
each iris object. Thus, a single evaluation of the ob-
jective function effectively results in simulation of
1600 iris objects through the imaging system.
In our optimization framework, we adopt an alter-

native approach that reduces the computational
complexity by splitting the optimization into two se-
parate steps. Note that the iris-recognition algorithm
parameters are inherently a function of the iris-
texture statistics and are not strongly dependent
on the optics. For example, the center frequency and
the bandwidth of the log Gabor filter are tuned to
the spatial frequency distribution of the iris-texture
that contains the most discriminating information.
Further, the parameters Lρ and Lθ are dependent
on the correlation length of the iris texture along ra-
dial and angular directions respectively. This obser-
vation allows us to separate the optimization of
the iris-recognition algorithm parameters from the
optimization of the optics and the reconstruction
algorithm. Therefore, the first optimization step in-
volves optimizing the iris-recognition algorithm
parameters to minimize the FRR. For this step, the
detector pitch is chosen such that there is no under-
sampling and there is no phase mask within the
imaging optics. The optimization is performed with
a coarse-to-fine search method using the iris objects
from the training dataset. It is found that Lρ ¼ 36,
Lθ ¼ 224, ρo ¼ 1=18, and σg ¼ 0:4 yield the optimal
performance. The number of left and right shifts re-
quired to achieve optimal performance is found to be
O ¼ 8 in each direction. The second optimization step
involves the optimization of optical and reconstruc-
tion algorithm parameters, which has significantly
reduced computational complexity as a result of few-
er number of design variables involved. The optical
system parameters include the P coefficients of the
Zernike polynomials. The reconstruction algorithm
parameter β, associated with the stopping con-
dition in the iterative conjugate-gradient algorithm,
is the only postprocessing design variable used in
this optimization step. Note that the value of iris-
recognition algorithm parameters remain fixed dur-
ing this optimization step.
Our optimization framework employs a simulated

tunneling algorithm, a global optimization tech-
nique [25], to perform the second optimization step.

Table 1. Imaging System Performance (FRR) for K ¼ 1, K ¼ 4, K ¼ 9, and K ¼ 16 on Training Dataset

Undersampling Frames TOMBO Defocus TOMBO ZPEL

F ¼ 1 × 1 Conventional imager 0.133
F ¼ 8 × 8 K ¼ 1 0.458 0.360 (21.4%) 0.295 (35.6%)
F ¼ 8 × 8 K ¼ 4 0.153 0.139 (9.2%) 0.128 (16.3%)
F ¼ 8 × 8 K ¼ 9 0.140 0.136 (2.9%) 0.117 (16.4%)
F ¼ 8 × 8 K ¼ 16 0.135 0.142 (−5:2%) 0.113 (16.3%)

Fig. 6. (Color online) OptimizedZPELimagerwithK ¼ 1 (a) pupil
phase, (b) optical PSF, and (c) optical PSF of the TOMBO imager.
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Simulated tunneling optimization, based on the well
known simulated annealing global optimization
technique, modifies the local energy surface to allow
“tunneling” through local objective function extrema
akin to physical phenomenon of quantum tunneling,
thereby accelerating the optimization process. The
global optimization algorithm is implemented in a
message passing interface (MPI) based environment
[26] that allows it to run on multiple processors in
parallel, thereby significantly decreasing the com-
putation time required for each iteration. The
simulated tunneling algorithm is run for suffi-
cient iterations until a convergence is achieved (we
observe that empirically 4000 to 5000 iterations
are usually sufficient to achieve convergence). Multi-
ple runs of the optimization algorithm with random
initialization yielded similar results, giving us confi-
dence that the optimization results are global.
This optimization framework is used to design

imaging systems with an undersampling factor of
F ¼ 8 × 8, employing K ¼ 1, K ¼ 4, K ¼ 9, and K ¼
16 frames. The subpixel shifts for K frames is

chosen as multiples of Δ ¼ d=
ffiffiffiffi
K

p
along each direc-

tion, where d is the detector pitch/size [27,28].
For example, for K ¼ 4 the subpixel shifts are�
ðΔX ;ΔYÞ∶ð0; 0Þ;

�
d=2; 0

�
;
�
0;d=2

�
;
�
d=2;d=2

��
.

The noise variance σ2n is set so that the measurement
signal to noise ratio (SNR) is equal to 56dB for the
undersampled imager with K ¼ 1. Henceforth, an
optimized PSFengineered imaging system will be re-
ferred to as the Zernike phase-enhanced lens (ZPEL)
imaging system. In Section 4, we discuss the
performance of the optimized ZPEL imager and com-
pare it the corresponding TOMBO imaging system
employing the same number of frames. Note that
while the TOMBO imaging system does not use
PSF engineering (instead it uses conventional imag-
ing optics), the reconstruction algorithm parameter β
is still optimized to achieve the minimum FRR.

4. Results and Discussion

As mentioned earlier, undersampling in the de-
tector array degrades the performance of the iris-
recognition imaging system. Specifically we find that
an undersampling factor of F ¼ 8 × 8 yields a FRR ¼
0:458 as compared to FRR ¼ 0:133 without under-
sampling in the conventional imaging system. This
represents a significant reduction in performance
and highlights the need to mitigate the effect of
undersampling. Increasing the number of subpixel
shifted frames from K ¼ 1 to K ¼ 16 improves the
performance of the TOMBO imaging system, as evi-
dent from the FRR data shown in Table 1. To ensure
a fair comparison among imaging systems with vari-
ous numbers of frames, we enforce a total photon
constraint. This constraint implies that the total
number of photons available to each imager (i.e.,
summed over all frames) is fixed. Therefore, for an
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Fig. 7. (Color online) Cross-section MTF profiles of optimized ZPEL imager with K ¼ 1.

Table 2. TOMBO Imaging System
Performance (FRR) with Defocus and K ¼ 1

on Training Dataset

Defocus FRR

Wd ¼ 1 0.446
Wd ¼ 2 0.437
Wd ¼ 3 0.432
Wd ¼ 4 0.401
Wd ¼ 5 0.396
Wd ¼ 6 0.382
Wd ¼ 7 0.360
Wd ¼ 8 0.363
Wd ¼ 9 0.492
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imaging system using K frames the measurement
noise variance must be scaled by a factor of K. For
example, the measurement noise variance in an ima-
ging system with K ¼ 4 frames is set to σ2K ¼ 4σ2n,
where σ2n is the measurement noise variance of
the imaging system with K ¼ 1. Subject to this
constraint, we expect that a ZPEL imaging system
designed within the proposed optimization frame-
work would improve upon the performance of the
TOMBO imaging system.
We begin by examining the result of optimizing the

ZPEL imaging system with K ¼ 1. Figure 6(a) shows
the optimized Zernike phase mask, and Fig. 6(b)
shows the corresponding optical PSF of the ZPEL im-
ager. For the purpose of comparison, Fig. 6(c) shows
the optical PSF of the TOMBO imager. The phase
mask spans over the extent of the aperture stop,
where 0.5 corresponds to the radius

�
Dap=2

�
of the

aperture. The optical PSF is plotted on a normalized
scale of ½−1; 1�, where 1 corresponds to the detector
size d that results in the F ¼ 8 × 8 undersampling.
Note that the large spatial extent of the PSF relative
to that of a TOMBO imaging system suggests that
high spatial frequencies in the corresponding modu-
lation transfer function (MTF) would be suppressed.
Figure 7 shows plots of various cross sections of the
two-dimensional MTF for the ZPEL and TOMBO im-
agers. Here the spatial frequency is plotted on the
normalized scale of ½0; 1�, where 1 corresponds to
the optical cutoff frequency ρc. Observe that the
ZPEL MTF reduces rapidly with increasing spatial
frequency. This can be understood as the optimiza-
tion process suppressing the MTFat the high spatial
frequencies to reduce the effect of aliasing. However,
notice that the nonzero MTF at midspatial fre-
quencies still allows the reconstruction algorithm
to potentially recover some information in this region
that is relevant to the iris-recognition task. Given
these observations, it is compelling to consider the
possibility that by simply defocusing the imaging

optics of a TOMBO imager by the correct amount,
a similar MTF and therefore a similar performance
might be obtained. This is indeed the case, although
only to a limited extent, as evident from the FRR
data shown in Table 2. These data are obtained by
computing the TOMBO imager performance at
various values of defocus, denoted by the defocus
parameter Wd (this defocus parameter is directly
proportional to the coefficient of the third element
of the Zernike polynomial expansion [15]). The opti-
mal value of defocus parameter gives the minimum
FRR value. In this case, the optimal defocus para-
meter value of Wd ¼ 7:0 yields a FRR ¼ 0:360. This
represents an improvement of 21.4% over the TOM-
BO imager performance. However, the ZPEL ima-
ging system with a FRR ¼ 0:295 represents an
additional improvement of 18% over the optimal de-
focus TOMBO imaging system’s performance and an
improvement of 35.6% relative to the TOMBO ima-
ging system. This performance difference between
the optimal defocus TOMBO imager and the ZPEL
imager can be understood by closely examining their
MTFs as shown in Fig. 7. Note that unlike theMTFof
the ZPEL imaging system, the defocus TOMBO ima-
ging system’s MTF has several nulls and near zero
modulation at high-spatial frequencies. From this
observation we may infer that, while it is important
to selectively lower the MTF at high-spatial frequen-
cies to minimize the effect of aliasing, it is also impor-
tant to minimize the nulls in the optimized MTF that
lead to information loss.

For the imaging system utilizing K ¼ 4 frames, the
optimized ZPEL imager yields a FRR ¼ 0:128 that is
16.3% lower than FRR ¼ 0:153 of the TOMBO imag-
ing system. Figures 8(a) and 8(b) show the phase
mask and the optical PSF of this optimized ZPEL
imager, respectively. Note that the optical PSF has
a smaller extent compared to that for K ¼ 1. The
use of four frames as opposed to one frame reduces
the effective undersampling by a factor of 2 in each

Fig. 8. (Color online) Optimized ZPEL imager with K ¼ 4: (a) pupil phase and (b) optical PSF.

B34 APPLIED OPTICS / Vol. 49, No. 10 / 1 April 2010



direction. Thus we expect as a result, the MTF in this
case is higher especially in the midspatial frequen-
cies compared to the MTF of the ZPEL imager with
K ¼ 1. This is confirmed by the plot of the ZPELMTF
in Fig. 9. It is also interesting to note that while the
optimal defocus TOMBO imager design (Wd ¼ 4) is
able to achieve a FRR ¼ 0:139, an improvement of
9.1% over the FRR of a TOMBO imager, it still sig-
nificantly worse (the FRR improvement is lower by
nearly a factor of 2) than the optimized ZPEL imager
design. Another important observation is that the
FRR ¼ 0:128 achieved by the optimized ZPEL ima-
ger is actually lower than FRR ¼ 0:133 of the conven-
tional imaging system without any undersampling.
This clearly highlights the effectiveness of the opti-
mization framework used for ZPEL imager designs,

which not only overcomes the performance degrada-
tions introduced by detector undersampling but also
successfully incorporates the object statistics rele-
vant to the iris-recognition task to enhance the per-
formance beyond that of the conventional imager.

Figures 10(a) and 10(b) show the Zernike phase
mask and the optical PSF of the optimized ZPEL im-
ager withK ¼ 9. The ZPEL imager achieves a FRR ¼
0:117 compared to FRR ¼ 0:140 for the TOMBO ima-
ging system, an improvement of 16.4%. The MTF of
this imaging system is shown in Fig. 11. The optimal
defocus TOMBO imager design (Wd ¼ 0:75) is only
able to achieve a marginal improvement of 2.9% with
an FRR ¼ 0:136 relative to the TOMBO imaging
system design. The optimized ZPEL imager with
K ¼ 16 frames reduces it further to FRR ¼ 0:113,
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Fig. 9. (Color online) Cross-section MTF profiles of optimized ZPEL imager with K ¼ 4.

Fig. 10. (Color online) Optimized ZPEL imager with K ¼ 9: (a) pupil phase and (b) optical PSF.
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an improvement of 16.3% over FRR ¼ 0:135 of the
TOMBO imaging system with the same number of
frames. The Zernike phase mask, the optical PSF,
and the MTF of this ZPEL imager are shown in
Figs. 12(a), 12(b), and 13, respectively. In this case
the optimal defocus TOMBO imager has a FRR ¼
0:142, which is actually slightly worse than the
TOMBO imager with FRR ¼ 0:138. This shows that
the MTFs obtained by defocusing (i.e., quadratic
phase masks), do not always improve the iris-recog-
nition performance in undersampled imagers. This is
mainly due to the reduced optical degrees of freedom
offered by defocusing (only one degree of freedom is
available: WD).
It is interesting to consider that compared to the

optimized ZPEL imager design with K ¼ 9, the de-
sign with K ¼ 16 yields a small improvement of only

3.4%. The same is true for the TOMBO imaging sys-
tem where the performance improves by only 3.6%
from K ¼ 9 to K ¼ 16. In fact, the iris-recognition
performance achieved by the TOMBO imaging sys-
tem with K ¼ 16 nearly equals that of the conven-
tional imaging system without undersampling, i.e.,
F ¼ 1. This suggests that adding more frames be-
yond K ¼ 16 would not significantly improve the
iris-recognition performance, which may first seem
counterintuitive. However, recall that increasing
the number of frames K also increases the measure-
ment noise variance σ2K as a result of the fixed total
photon count constraint, while reducing the effect of
aliasing at the same time. Therefore, the resulting
trade-off between these two competing processes
leads to diminishing improvement in iris-recognition
performance with increasing number of frames. As a
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Fig. 11. (Color online) Cross-section MTF profiles of optimized ZPEL imager with K ¼ 9.

Fig. 12. (Color online) Optimized ZPEL imager with K ¼ 16: (a) pupil phase and (b) optical PSF.
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result, at K ¼ 16 the effect of increasing measure-
ment noise nearly counters the reduction in aliasing
from the multiple frames, resulting in only a small
improvement in FRR for both the ZPEL and the
TOMBO imaging systems.
So far we have observed that the optimized ZPEL

imager offers a substantial improvement in iris-
recognition performance over a TOMBO imaging sys-
tem with an undersampling detector array. However,
these results were obtained using the training
dataset, the same dataset that was used in the opti-
mization process. In order to estimate the actual per-
formance of the optimized ZPEL imaging system
independent of the training dataset, we need to
use a validation dataset. Here we construct a valida-
tion dataset consisting of 44 distinct iris subjects
with seven samples of each iris, randomly selected
from the CASIA database, resulting in a total of
308 iris samples. Figure 14 shows example iris ob-
jects from this validation dataset. Note that none
of the iris samples in the validation dataset appear
in the training dataset. We use a total of 30 noise rea-
lizations for each iris object to estimate the FRR from
the intraclass and interclass densities. The FRR data
for the validation dataset is shown in Table 3. The
optimized ZPEL imager with K ¼ 1 yields a FRR ¼
0:138 on the validation dataset as compared to
FRR ¼ 0:164 for the TOMBO imaging system. This
represents a performance improvement of 15.9%
over the TOMBO imaging system, which is nearly
half of the 32.7% improvement that was obtained
with the training dataset. This difference in perfor-
mance can be explained by considering the fact that
the optimization process does not distinguish be-
tween the effect of undersampling and the statistics
of the particular iris samples comprising the training
dataset. As a result, the imaging system is opti-

mized jointly toward mitigating the effect of under-
sampling and adapting to the statistics of the iris
samples in the training dataset so as to minimize
the FRR metric. Note that the difference between
the performance on training and validation dataset
will reduce as the size of the training dataset is in-
creased, and it becomes more representative of true
iris statistics of the underlying dataset.

In case of K ¼ 4, the ZPEL imager achieves a
FRR ¼ 0:0513, which is an improvement of 19.4%
over FRR ¼ 0:0637 of the TOMBO imaging system.
Note in this case, the improvement obtained with
the validation dataset exceeds that obtained with
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Fig. 13. (Color online) Cross-section MTF profiles of optimized ZPEL imager with K ¼ 16.

Fig. 14. Iris examples from the validation dataset.
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the training dataset. With K ¼ 9 the optimized
ZPEL imager yields a FRR ¼ 0:0444 compared to
FRR ¼ 0:0558 of the TOMBO imaging system. This
represents an improvement of 21.6%, which is bet-
ter than 16.4% improvement obtained on the training
dataset. For K ¼ 16 frames the optimized ZPEL im-
ager results in FRR ¼ 0:0534, a 21.0% reduction from
FRR ¼ 0:0440 of the TOMBO imaging system with
the same number of frames. Note that the FRR of
both the optimized ZPEL imager and the TOMBO im-
aging system do not reduce significantly from K ¼ 9
frames to K ¼ 16 frames. This is due to the same un-
derlying trade-off between increasing measurement
data and increasing measurement noise, which was
observed in the case of the training dataset.

5. Conclusions

We have studied the degradation in iris-recognition
performance resulting from an undersampling factor
of F ¼ 8 × 8 (for the CASIA iris database) and found
that in a conventional imager, it yields a FRR ¼
0:458 compared to a FRR ¼ 0:133 when there is no
undersampling. We describe an optimization frame-
work that exploits the optical and postprocessing de-
grees of freedom to maximize the iris-recognition
performance in such undersampled imagers. The re-
sulting ZPEL imager design uses an engineered op-
tical PSF together with multiple subpixel shifted
measurements to achieve the performance improve-
ment. The ZPEL imager is designed forK ¼ 1, K ¼ 4,
K ¼ 9, andK ¼ 16 number of frames. On the training
dataset, the optimized ZPEL imager achieved perfor-
mance improvement of nearly 33% for K ¼ 1 com-
pared to the TOMBO imaging system with the same
number of frames. With K ¼ 4 frames the ZPEL im-
ager design achieved a FRR that is nearly equal to
that of a conventional imager without any undersam-
pling. The effectiveness of the optimization frame-
work was also highlighted by the ZPEL imager
design with K ¼ 16 that achieved a FRR ¼ 0:113,
which is actually 15% better than FRR ¼ 0:133 of the
conventional imager without any undersampling.
The comparison of the ZPEL imager and the TOMBO
imaging system performance using a validation da-
taset provided further support for the performance
improvements obtained on the training dataset. On
the validation dataset, the ZPEL imager design re-
quired only K ¼ 4 frames as opposed to K ¼ 16
frames needed by the TOMBO imaging system to
equal the performance without undersampling. Si-
milarly, with K ¼ 16 frames the optimized ZPEL
imager obtained a 21.0% performance improve-

ment over the conventional imaging system without
any undersampling. These results demonstrate the
power of the task-specific design approach for max-
imizing the performance of iris-recognition imaging
systems in presence of severe detector undersam-
pling. We expect that a good implementation of the
ZPEL imager designs would yield an iris-recognition
performance close to that predicted by our simula-
tion study. However, as with any physical system im-
plementation, the as fabricated system parameters
tend to deviate from their ideal design values. For ex-
ample, in simulation we assumed ideal uniform sub-
pixel shifts for each frame; however, in a system
implementation the actual subpixel shifts achieved
would deviate from these ideal values, leading to
some degradation in system performance. This issue
can be addressed to an extent by carefully estimating
the subpixel shifts by using calibration targets and
employing these estimate in the iris reconstruction
algorithm. In fact, given the various optomechanical
fabrication tolerances, a sensitivity and tolerance
analysis of the ZPEL imager design can indicate
the expected performance of a fabricated system.
However, we consider such an detailed analysis as
beyond the scope of this study.

Here we considered a security application that op-
erates in “search mode”; however, most security ap-
plications operate in “verification” mode and require
minimizing FAR while keeping FRR fixed. The opti-
mization framework used in our study can be easily
applied for designing iris-recognition systems for
such traditional security applications that minimize
FAR metric instead. Recall that the segmented opti-
mization approach used in our study does not jointly
optimize the optical and postprocessing degrees of
freedom, and therefore we expect that there is poten-
tial for further performance improvement via a joint-
optimization approach [29]. This is a direction of
future research that we would like to pursue. Also,
the optical parametrization used here assumed that
all the subapertures had identical optics; by relaxing
this constraint, additional optical diversity can be
used to further improve the iris-recognition perfor-
mance.Wewould like to quantify such improvements
via optical diversity in a future study.
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